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ARTICLE INFO ABSTRACT
Keywords: In the present study, a multi-domain boundary element formulation is developed for high surface-area-to-
BEM volume ratio problems (i.e. particulate flow in high aspect ratio microfluidic channels, in a porous medium
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or in microfluidic devices with repetitive structures). The solution domain is decomposed into subdomains
and the variable condensation technique is implemented. The solution matrices are built for each subdomain,
and the matrices are updated at each time step only for the subdomains in which the particles move at each

time step. Ghost domains, which are fictitious domains encapsulating the interfaces between the subdomains,
are also introduced in the formulation to treat the particles crossing the interfaces between the subdomains.
The formulation reveals that the computation of the subdomain matrices is further simplified for solution
domains composed of periodic structures. The results of our study revealed that speed-up values as high as 50
is achievable with the current formulation.

1. Introduction

The boundary element method (BEM) is a well-established numeri-
cal tool for the modeling of Stoke’s flow. The main idea of the method
is to convert the partial differential equations to boundary integral
equations, and obtain a system of linear equations which will be solved
for unknown boundary values after the discretization of the boundary
of the solution domain with proper elements, [1,2]. Alternative to
the numerical models based on volume discretization, the boundary
only discretization nature of the BEM provides a significant reduction
in the number of unknowns for the problems with low surface-area-
to-volume ratio or for the problems with unbounded domain. The
boundary element representation of creeping flow was first developed
by Youngren and Acrivos [3] for the analysis of flow over passing
3D and axisymmetric rigid particles. Following this study, Youngren
and Acrivos extended their work for similar flow over deformable
bubbles [4], and later a similar study involving viscous drops was intro-
duced by Rallison and Acrivos [5]. Researchers realized that BEM is a
viable option for the simulation of many particles immersed in fluids in
the Stoke’s flow regime which was vital to predict the macroscopic and
rheological properties of suspensions (i.e. predicting the sedimentation
rate and relative viscosities of suspensions) [6-8]. Since BEM requires
only discretization of the boundary, the mesh of the problem can be

translated and rotated according to the instantaneous motion of the
particles. Moreover, since the geometric representation of the particles
are achieved accurately by boundary elements, there is no restriction
on the shape of the particles.

With development of advanced micro- and nano-fabrication tech-
niques, microfluidics become an active research area in 1990s. Al-
though gaseous flow in microscale may include some additional ef-
fects [9-11] (e.g. slip boundary condition at the wall, compressibility
effects even at low Mach number flows, thermal creep etc.) which are
not present in macroscale, liquid flow in microchannels is governed
by Stoke’s flow and no-slip boundary condition unless electrokinetic
effects in the case of electric field driven flows or electroviscous effects
in the case of pressure driven flows (which may come into picture in
microchannels with dimensions less than 5 pm for deionized water)
are present [12]. Microfluidics technology offers unique advantages
for the next generation diagnostic and therapeutic devices. The ma-
nipulation of bio-particles in buffer solutions is the key ingredient
for many microfluidic operations such as bio-particle separation, bio-
particle sorting, lysis of bio-particles, etc. [13], thus the simulation of
particle motion is a crucial step for an efficient design of microfluidic
platforms. In microfluidic applications, typical flow speed inside a
microchannel is low which results in very low Reynolds number, and
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hence Stoke’s flow. In this sense, the simulation of particle trajectory
inside microchannels is a moving boundary problem which is similar to
the simulation of many particles immersed in Stoke’s flow, an exception
being the inclusion of strong confinement effect of the microchannels
that may be in the form of a complex microfluidic channel network.
In addition, particles may be under the action of electrical, magnetic
and/or acoustic fields as well as the flow field. Therefore, particle-wall
interactions are as important as particle-particle interactions which
may not be only due to hydrodynamic interactions for microfluidic ap-
plications. Actually, these particle-wall interactions are responsible for
the successful manipulation of the bio-particles especially for particle
separation and trapping applications [13].

To simulate the particle motion for microfluidics, there are basically
two approaches: (i) Lagrangian Particle Tracking Method (LTM) and
(ii) stress tensor approach [14]. In LTM, particles are assumed to be
point particles and the effects of the particle’s presence on the field
variables are ignored. In this case, only the effect of the field variables
on the particle is considered. One major advantage of LTM is that it
does not require high computational cost. Once the field variables are
obtained without the presence of particles, particle trajectories can be
evaluated at the post-processing step using the correlations to obtain
the forces acting on the particles as a function of field variables. LTM
is valid if the particle concentration is low (i.e. dilute solution) to justify
the neglection of particle-particle interactions, and if the particle size
is small compared to the channel dimensions to justify the neglec-
tion of particle-wall interactions. Therefore, LTM can simulate many
particles by ignoring any particle-particle interactions, but allowing
a statistical analysis [15-19]. Despite its limitations, LTM has been
implemented for the simulation of particle motion in the literature for
electrokinetic [18,20-22], acoustophoretic [15-17] as well as inertial
microfluidic applications [19]. In the stress tensor approach, the size
effect of particles are incorporated and the field variables are solved
with the presence of finite-sized particles. The resultant force on the
particles can be obtained by integrating the appropriate stress tensor on
the particles’ surface. Owing to the Stokes flow nature of the flow field,
and modeling of electric, acoustic and/or magnetic field with linear
differential equations for microfluidics, BEM is a perfect match for the
simulation of particle trajectories inside microchannels.

For particle tracking with BEM, both direct [6-8,23-26] and in-
direct [27-33] boundary element formulations were developed in the
literature. The direct boundary element formulation is in terms of phys-
ical quantities, and the resulting equations strongly resembles Fredholm
integral equations of first kind. Due to the fact that the kernel functions
have singular nature, the resulting system of equations may be poorly
conditioned, hence direct solution methods such as Gauss elimination
needs to be implemented. The situation may worsen for the case of
particles with large aspect ratio and/or particles are in close proximity
of each other or the confinement. However, poor conditioning can be
circumvented by the application of higher-order elements and accurate
calculation of the singular integrals [34]. Alternatively, the indirect
boundary element formulation is in terms of distribution of doublets
over the boundary with fictitious double layer density, and the resulting
equations are Fredholm integral equations of second kind. The resulting
system of equations are well-posed, hence the solution is stable and
iterative solvers with pre-conditioners may be implemented. A major
difficulty with the indirect methods is the problem specific formulation
and problem specific iterative solution of the problem [33]. More-
over, the indirect formulation may require problem specific additional
mathematical derivations for the determination of an external force
(e.g. electric, magnetic and/or acoustic) acting on the particle whereas
the implementation of the direct formulation is straightforward for any
other physics. A direct boundary element formulation, which included a
condensation process for the particle nodes imposing rigid body motion
to obtain only the particles’ trajectories and avoid the calculation of
the element interactions on non-moving boundaries at each time-step,
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was developed to simulate the particle motion inside microfluidic chan-
nels [35]. Additionally, direct boundary element formulations were also
developed to simulate the motion of particle under the flow and electric
fields in a microfluidic device [14,36,37].

The advantages offered by BEM for particulate flows are hindered
as the surface-area-to-volume ratio of the problem increases. Some
examples of these kind of problems are the particle flow in high
aspect ratio microchannels and/or particle flow in a porous medium,
more specifically flow in direct lateral displacement (DLD) microfluidic
devices. DLD devices utilizes the hydrodynamic interactions of particles
with a series of periodic or non-periodic posts within a microchannel to
achieve size based separation [13,38,39]. For these large scaled prob-
lems, direct boundary element formulation becomes unfeasible since
the resulting system of equations are fully populated and have high
condition numbers which makes the solution process computationally
costly. In addition, a huge main memory allocation is required for
the computation on large matrices [40-43]. One option to overcome
these drawbacks is to renounce BEM and employ Stokesian dynamics
— a semi-analytical method — which relies on constructing a resistance
matrix for particle-obstacle systems to capture the hydrodynamic inter-
actions. Stokesian dynamics become a powerful tool when the particles
and obstacles possess spherical geometry and distance between the
particles and obstacles are either large or small. Non-spherical geome-
tries are not well suited for the method and hydrodynamic interactions
of bodies can be resolved with an interpolation when the distance is
mediocre and thus such a technique is not well-suited for DLD chip
simulations [44].

In order to circumvent the disadvantages of single domain BEM,
multi-domain boundary element method (MDBEM) has been proposed
in the literature. Unlike single domain BEM, MDBEM decomposes the
solution domain into number of subdomains, discretizes the boundary
of each subdomain and finally either solves each local system of lin-
ear equations iteratively or assembles a global matrix by employing
compatibility conditions at the interfaces. Since the resulting matrices
are smaller than that of the single domain case, memory requirement,
and hence the CPU time can be drastically reduced [45,46]. Further-
more, the final assembly matrix is diagonally dominant, therefore the
condition numbers of the resulting matrices significantly improve [42,
47,48]. MDBEM was successfully employed for heat transfer [40,41,
43,45,46,49-54], elasticity [42,55-57] and Stoke’s flow [47,48,58—
61] problems, and the studies reported significant improvements both
in memory requirements and CPU time. In MDBEM, two common
approaches were implemented in the solution of boundary element
equations. Some studies employed iterative schemes [40,41,45-47,50,
52-54,58-61], and the others employed variable condensation tech-
nique [42,43,49,51,55-57] in which some variables are eliminated and
the size of the final system of equations are reduced. The selection
of iterative schemes or variable condensation technique is problem
specific. For large scale problems, iterative techniques may suffer from
convergence issues, and the fine tuning of convergence parameters as
well as initial guesses may be required [41,46]. Condensation tech-
niques, on the other hand, are not easy to implement on computer
when the solution domain is partitioned with unstructured subdomains.
Microfluidic networks are slender structures with large aspect ratio (i.e.
large length over width ratio). This slender geometry can be easily
decomposed into consecutive structured subdomains. However, the
convergence of the iterative methods may be problematic for the case
of large numbers of consecutive structured subdomains since in most
of the typical particulate flow problems boundaries are subjected to
homogeneous Dirichlet and Neumann boundary conditions (e.g. no slip
and pressure outlet), and so the convergence of the iterative schemes
may be severely affected [41]. Therefore, the topology with consecutive
structured subdomains is more suitable for the condensation techniques
rather than the iterative methods. Despite the aforementioned benefits
of MDBEM, the implementation is not straightforward for particulate
flow problems. In multi-domain formulation, subdomain boundaries
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are present within the solution domain. Since particles are modeled as
finite sized objects, they cannot cross the interfaces between the sub-
domains. Furthermore as a particle approaches a subdomain interface
near-singularities may occur. In the case of poor treatment of these
integrals, the physics of the problem might be disrupted.

1.1. Present study

Our group developed a direct boundary element formulation based
on the stress tensor approach for tracking multiple particles through
a condensation process for the particle nodes imposing rigid body
motion for microfluidic applications [35], and recently, extended the
formulation for multi-physics problems [14]. In the present study,
a multi-domain boundary element formulation is developed for the
problems with a high surface-area-to-volume ratio (i.e. particulate flow
in high aspect ratio microfluidic channels, in a porous media or in
microfluidic devices with repetitive post structures). The solution do-
main is decomposed into subdomains and the variable condensation
technique is implemented. The solution matrices are built for each sub-
domain, and the matrices are updated only for the subdomains in which
the particles move at each time step. Ghost domains, which are the fic-
titious domains encapsulating the interfaces between the subdomains,
are also introduced in the formulation to treat the particles crossing the
interfaces between the subdomains. The formulation is demonstrated in
2D for constant elements without loss of generality, since the extension
to higher-order element and/or 3D is straight forward, and the results
for higher-order elements and/or 3D would be similar to the cases
considered in this study as long as the number of degree of freedom
of the resulting equations are similar. The formulation reveals that
the computation of the subdomain matrices is further simplified for
the solution domains composed of periodic structures. This paper is
organized as follows: in Section 2, the MDBEM formulation is presented
in a general form. Section 3 gives the details of the computation
and the comparison of multi-domain formulation with single domain
is presented. In addition, the computational performance of the for-
mulation is also presented for a DLD microchannel architecture for
non-periodic and periodic geometries in 2D. The effect of number
subdomains and number of particles tracked are also demonstrated.
Finally, the summary and conclusions are presented in Section 4.

2. Boundary element formulation
2.1. Boundary integral formulation

For an incompressible Newtonian fluid flowing at low Reynolds
numbers can be modeled by Stokes equation as:

V-u=0 (2.1)

—VP+uVu+pg=0 (2.2)

where P is pressure, u is the velocity vector, u is the dynamic viscosity
and g is the gravitational acceleration. The boundary element equation
for Stokes flow reads as:

C(xo)u(xo)+/ u(x)[n-VQ(xO,x)]dl(x):/ t(x)G(x,, X)d1(x) (2.3)
oD oD

where u and t are the velocity and the traction vectors, respectively.

The field (source) point is denoted by x,, and the varied (integration)

point is denoted by x. The 2D Stokeslet, G(x,, X), is given by

L8t (2.4)
r

6% ) = 5 [~Tnr| +
2mp

where r = x — x,. Constants C(x,) take the values depending upon the
position of the point x,: If x, is on a smooth boundary then C(x,) = 1/2,
if it is inside the solution domain then C(x,) =I and if it is outside the

223

Engineering Analysis with Boundary Elements 132 (2021) 221-230

ol @
CCBCDC%

)
gcbé?@

=30 3 o Bl gl gy G
o N 510 0% S 630

Fig. 1. Schematic representation of the particle flow in the solution domain.

solution domain C(x,) = 0. Discretization of Eq. (2.3) leads to a system
of linear equations which can be expressed in matrix form as:

Hu=G-t (2.5)

In this study, the field variables are approximated by constant elements
and the geometric variables are approximated by linear elements (in the
text, this element type will be referred to as the constant element). This
way, the singular integrals can be evaluated analytically.

Velocity vector, u, includes the components of the velocity at each
boundary node and t is a vector that includes the components of
the corresponding traction vector at the same boundary nodes. The
resulting system matrices H and G are 2N x2N in 2D and 3N x 3N in
3D where N is the number of elements in the computational domain.
In this study, it is assumed that either the component of the velocity or
the traction or a linear combination in a given direction at each node
is assigned as a boundary condition on the external boundaries.

2.2. Multi-domain boundary element formulation

The schematic representation of how the formulation works is
demonstrated in Fig. 1. Our goal is to obtain the particle trajectories
within a microfluidic channel as shown in Fig. 1-(E) with the red curve.
As a general case, a 2D microchannel with number of random inclusions
is presented. For the multi-domain formulation, the solution domain is
divided into smaller subdomains (in the schematic figure the domain
is divided into three pieces denoted by DI, DII and DIII). Once the
particle comes close to the interface between the different subdomains,
a ghost domain (denoted by GDI and GDII on the figure) is introduced.
When the particle passes the interface and is sufficiently away from
the interface, the ghost domain is removed from the solution domain.
This process continues as the particle reaches the exit of the solution
domain.

2.2.1. Subdomain level equations

Depending upon the problem geometry, various partitioning
schemes can be utilized to construct subdomains. For unstructured sub-
domain networks, when used with variable condensation techniques, a
proper enumeration of the subdomains and subdomain locations sig-
nificantly reduces the condition numbers by increasing the sparsity of
the matrices [42,47]. In addition, overlapping subdomains can be used
to avoid singular and near-singular integrations [51]. In the present
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work, we consider a 2D microchannel with periodic and non-periodic
inclusions. Schematic representation of our computational domain is
shown in Fig. 2 (for the clarity of the figures the inclusions are
presented on the figure). Since the channels considered are rectangular,
(n) subdomains are placed in a consecutive and structured manner,
which results in (n — 1) interfaces. Each subdomain (@) has two
interfaces (I,_, and I,) except the first and last subdomains as shown in
the figure. The subdomains are numbered from left to right. Depending
on the position of the particles, some subdomains may include many
particles or a single particle, and some subdomains may be not include
any particle at all. The boundary of each subdomain is discretized with
constant elements. In order to implement multi-domain formulation,
the nodes on the boundaries are classified as non-interface, interface
and particle nodes following the notation in [1,43]. Interface nodes
are shared by two subdomains and non-interface nodes belong to only
one subdomain. Particle nodes on which boundary conditions are not
specified belong to the particles. Note that problem under consideration
is a Stoke’s problem, and no external source exists, therefore no need
for any volume integral. In case of presence of volume integrals, there
would be nodes inside the solution domain. Then, these nodes would
be classified as internal nodes [43].

The condensation procedure takes place in two steps: (i) we first
condense the non-interface nodes keeping the particle and interface
nodes, and then (ii) we condensate the particle nodes imposing rigid
body motion and compatibility conditions. We first construct the con-
ventional BEM matrices for each subdomain. For subdomain-«, the
subdomain level BEM matrices can be written as:

(@) (o) (@) () (o) (o)

[GAA Gk {tA }z [HAA HAK:| {“A } (2.6)
(@) (@) (a) (@) (@) (a)

Gra  Grrl \tg Hyq  Hggd Lug

where subscript A stands for non-interface nodes, and K for interface
and particle nodes. Note that either the velocity or traction components
of the non-interface nodes are known whereas neither the velocity nor
traction components on the interface and particle nodes are known.
Assuming all velocities are specified on the non-interface nodes, and
all traction values are unknown without loss of generality, Eq. (2.6)
can be recast into:

GO D 4 GO (@ = HO 4@ | gD @ @7)
(@) (@) (a) (@) _ glo)  (2) (@) (2)

Ga ty +Ggg ty’ = Hpy-um +Hyp ug

To proceed with the first step of the condensation process, t:’) can be

solved using Eq. (2.7) to obtain the interface equation (i.e. t;f)) as:

6 = (A9)7 (1@ - uff +9) 2.8)
where
-1
(@ — @ (@) (@) (@)
A = Hyg = Gya- (GAA> "Gk (2.9)
-1
(@ — @ (@) (a) (@)
[ = Gy — Gy (GAA> “Hyx
-1
(@) — (@) (@) (@) (@) (@)
P = [HAK = Gya (GAA> 'HAA] )
Eq. (2.8) can be re-written as:
1 =A@ gl 4 p@ (2.10)

where A® = (A("‘))_1 -T@ and b@ = (A("))_1 P,

2.2.2. Compatibility conditions at the interface

For a subdomain, Q®, without any particle, t;?) consists of the
traction values on the left interface (1,_;) and right interfaces (/) of
the 2@, respectively. In this case, Eq. (2.10) can be written as:

_ 4@ (@) (o) (o) (a)
{ t(la)—l } = |:A(0!(—1))(Dt—l) A(ﬂzl))a] {ulg—)l } + {blg-)l } (2.11)
a a a a a *
t, A Ada u, by
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For the first (a = 1) and last domain (« = n), since there is only one
interface, Eq. (2.10) can be written as:

@) _ A (D (1)
t) = Al ul +b (2.12)

t(]n) (n) N b

vt = Aoy W, FP (2.13)

For a subdomain Q® with particle(s), t;?) consists of traction values
on the left interface, on the particle and on the right interface, and
Eq. (2.10) reads as

(@) (@) (a) (@) (@) (@)
_tIH A(a—l)(n{—l) A(a—l)P A(n(—l)n e b’m
(a) = () () (a)
tp Apa-1) App Ape |1 ul Ty (2.14)
(o) (@) (o) (o)
t I, Aa (1) Aa e Aya uga) b(Ia)

where subscript P stands for particle. In here, the size of the u(,") is
a
3N;’1) x 1 where N;“) is the number of nodes on I, the size of the u(l‘,’)

is 3N§f’) X 1 where N;,’” is the total number of nodes on the particles’
surface in 2. Once the subdomain level equations are written for each
subdomain, the compatibility condition at each interface u(l") = (,“H)

« «
and tgz) = —tgj“) can be imposed by the appropriate matrix operation
to obtain the global assembly matrix as:

(1
lll]
2 @)
to u,
2
2 L=A-{ ° t+b (2.15)

0 u(”)
I(K

(n=1) (n-1)

t, ul!
(n=1)

n—1

where A and b are the modified A and b matrices after the necessary
matrix operations, respectively. For each interface (I,), there is a row
whose left-hand side value is equal to zero, and for particle(s) in each
subdomain, there is a row whose left-hand side is equal to t;f’) which
is the traction vector on the particles’ surfaces in Q®. At this point,
the first step of the condensation process is completed. For the second
step of the condensation process, rigid body motion constraint will be
introduced.

2.2.3. Rigid body motion

In the case of a particulate flow, the problem at hand is a moving
boundary problem. There exist contours inside the solution domain
which represents the inclusions and/or the particles inside the solution
domain. Although no-slip boundary condition is imposed on the inclu-
sions, neither traction nor velocity values are known on the particle
boundary. However, a standard BEM formulation requires imposition
of a boundary condition on the boundary of a solution domain. As
a closure for the problem, we impose the constraint associated with
the rigid body motion of the particles (assuming rigid particles), which
means each boundary point has a velocity given by

Up =up+®@Xrp (2.16)

where up is the velocity at a node on the boundary of the particle, up
is the velocity of the selected center of the particle, w is the angular
velocity vector and rp is the relative position vector of the particle
point to the selected center of the particle. Imposing Eq. (2.16) for all
the boundary points on the particle can be related to the linear and
angular velocities at the centroid of the particles through a kinematic
matrix M as:

up = M-up (2.17)
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X Particle nodes
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Fig. 2. Schematics of the solution domain.
= 1 2 e A and b matrices need to be updated. However, the particle-wall
up = {{"1 w wyp {u o ou) {og wy w}? } . o >¢ up . ’ P .
R R R R R T and particle-particle interactions come into play when the separation
up = {” . Uy uy o] w0y } distance is less than 10xdiameter of the particle (d), therefore the effect
where u, is the velocity vector of each particle node, u, contains the of one particle in one subdomain would not affect the solution for

linear and angular velocity at the center of gravity of the particle.
Similarly, the force and moment on each particle can be obtained in
a matrix form as [35]:

fy = F-tp (2.18)
fp = {le sz f3B my my m3}T

@\ T
tp = {{’1 5} 13}1 {n n 13}2 {n n ’3}NP }

where fp contains the net force and moments with respect to center of
gravity, tp is the corresponding traction vector on the particles’ surface
and N g’) is the number of particles in each subdomain. Neglecting the
particle acceleration which can be justified with the low Re number
nature of the flow field, and as a result, imposing the force-free and
moment-free condition for the particle (i.e. the summation of all the
forces and the moments on the particle are equal to zero), fz = f.
for each particle (note that if there is no external force other than
drag, f.,; = 0) [35]. To condensate the particle nodes, in Eq. (2.17),
up = M - uy can be substituted, and equating fg’) =F@ ~t;§’) = féiz for
each particle as:

)
llI1
0 @
u
@ B
fext u(z)
0 I
P b=F.AM-{ L4 FD (2.19)
0
) :
ext (n=1)
0 u,
(n—1)
uln-l
where F and M are
[ 1 0 0 |
0 F®@ o
= 0 I o0 (2.20)
0 F(”;‘> 0
| 0 0 I |
1 o0 0 ]
0 M® o
M= 0 I o0 (2.21)
6 M(""” 0
I 0 0 1

The global system above can be solved for the interface and particle
velocities at each time step. Strictly speaking, as the particle is moving,
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other subdomains unless the particle is close to the interfaces of the
subdomain. In this sense, if a particle is within the +5d of the interface,
A and b matrices are not updated during the computations. In the
implementation, the ghost domains are generated before the particle
reaches the proximity of 54 to an interface, and the size of the ghost
domains is also chosen so that the distance between the interfaces of
the ghost domain is as at least +10d away from the interfaces of the
subdomains to expedite the computations.

3. Results and discussion

The computations were performed both for non-periodic and pe-
riodic geometries with different number of particles. The geometry
was discretized with linear elements whereas the field variables were
approximated by constant elements. 20-point Gauss quadrature was
employed for the regular integrals, the number of integration points
were increased for near singular integrals according to degree of near
singularity. Weakly and strongly singular integrals were evaluated
analytically. To validate our BE formulation, the comparison of our
results for a benchmark problem from the literature [62] is given in
Appendix. The formulation developed by our group [35] together with
Euler time integration with a time step of 10~3 was implemented to ob-
tain the particle trajectories. DELL R720 workstation with 32 Core CPU
with 384 GB of RAM is used for the simulations, and code development
was performed in MATLAB programming environment. The speed-ups
were obtained relative to the single-domain computation.

For the sake of simplicity, we assume particles are buoyant in the
buffer solution, and hence the only force acting on the particles is the
hydrodynamic force which implies f, = 0. Two geometries both of
which are 2D are considered to investigate the speed-up factors as a
function of the number of subdomains. The first one is a microfluidic
channel for DLD separation with inclusions but without any repeating
structure which can be seen in Fig. 3 (top row). Strictly speaking, this
geometry has also a repeating structure, however we call this geometry
as non-periodic due to the fact that when the domain is divided into
a number of subdomains, the subdomains will not be the same. The
second one is a microchannel with staggered and periodic inclusions.
The major difference between two geometries is the layout of the non-
moving inclusions. Inclusions inside DLD have non-regular topology,
and hence not easy to partition to symmetric subdomains; whereas the
staggered one has inclusions with regular topology, and therefore, easy
to partition to various symmetric subdomain configurations. A uniform
inlet velocity of 250 pm/s and zero pressure boundary conditions are as-
signed at the inlet and outlet of the microchannel, respectively. No-slip
boundary conditions are assigned for the channel walls and non-moving
inclusions (i.e. circular posts). 3 pm and 6 pm particles (in diameter) are
released from the same initial position close to the lower channel wall.
As seen in the figure, with the appropriate geometric configuration, two
particles have clear separation distance between each other since the
hydrodynamic interaction of the particles with the inclusions differs
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Fig. 3. Comparison of MDBEM formulation with single domain formulation.

depending on the size of the particle. Our computational domain has
about one millimeter length which is smaller than the length of typical
DLD chips [38,39]. One can expect that the distance between the two
particles would definitely amplify with the increasing length of the
microchannel. The trajectories of the both particles are presented in
the figure. The trajectories are quite close to the inclusions where
strong hydrodynamic interactions occur. The computational model can
capture these interactions quiet effectively and as a result separation
by size is realized as observed in the literature [13,38,39]. The x- and
y-velocities as well as the angular velocities of the both particles are
illustrated in Fig. 3. The comparison of the single-domain and multi-
domain formulations in terms of the particle trajectory and particle
velocities are also given in Fig. 3, and quite a well agreement is ob-
served between the two formulations which verifies our multi-domain
formulation.

In Fig. 4A, the speed-up factors for different number of subdomains
are presented for the DLD chip with non-periodic inclusions. Two test
runs were conducted with two particles in order to compare the effect
of number of elements that were used to discretize the solution domain
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(3560 and 30 220 elements for the same geometry). For both test runs
the problem is divided into several subdomains ranging between two
and twenty-two. The size of the ghost domains are at least 20d long.
Depending on the size of the ghost domain, the number of elements on
the ghost domain varies but in the simulations it is between 25 and 40
for the case of 3560 channel elements, and between 250 and 300 for the
case of 30220 channel elements. As depicted in the figure, higher the
number of elements, higher the speed-up. Speed-up factors as high as
30 are achieved with the proposed multi-domain formulation. In order
to generate BEM matrices, one has to solve an N-body problem (one
load point interacts with all elements). Multi-domain formulation has
the same main feature of the N-body problem, so the computational
time increases with increasing N. Multi-domain formulation becomes
more efficient as the number of elements to discretize the single domain
increases. This has mainly two reasons: First, the construction of the
BEM matrices of slender geometries includes unnecessary calculations
for the far-field interactions. As the distance between the load point and
element grows, the interaction level decreases with O(1/r), therefore



A. Topuz et al.

Engineering Analysis with Boundary Elements 132 (2021) 221-230

B0 e e e
—6— Two particles
—H&— Four particles
—&— Eight particles
40+
3
)
5]
5]
o
2
20
B
g ®
0 5 10 15 20 25

Number of subdomians

Fig. 4. Speed-up as a function of number of subdomains for a non-periodic geometry.

Y (o AP S S
—6— 3,560 channel elements
—B&— 30,220 channel elements
a 20+
o
o)
9]
5]
(=¥
wn
10
L ®
0 5 10 15 20 25
Number of subdomians
40 : ,
—E— 3,000 channel elements
—H5— 30,000 channel elements
30
o
7
=
B 20r
(o8
wn
10
a/a// (A)
0 1 L !
0 5 10 15 20

Number of subdomians

60 T
—6— Two particles
—H&— Four particles
—&O— Eight particles
o 40+
o
e
5]
5]
(=8
wn
20 ¢
’ (B)
0
0 5 10 15 20

Number of subdomians

Fig. 5. Speed-up as a function of number of subdomains for a periodic geometry.

the effect of far-field elements diminishes. Actually this is the under-
lying idea of fast-multipole methods for BEM formulations [63]. As
the number of elements becomes larger, the number of unnecessary
calculations tremendously increases due to N-body problem nature of
BEM. In addition, for a particulate flow problems (i.e. moving boundary
problems), this N-body problem needs to be solved again and again
through the course of motion which leads to heavy computational load.
Such a drawback cannot be avoided with a single domain formulation
for slender body moving boundary problems. Second, keeping in mind
the BEM matrices are fully populated, as the size of BEM matrices grows
condition numbers increases which may lead to ill-conditioned system
that requires special care for the solution of the system.

In Fig. 4A, one can observe two subsequent first-order system like
convergence (from single domain to 13 subdomains, and 13 subdo-
mains to 22) which is inherent to multi-domain formulations. The
speed-up factors are saturated at a certain number of subdomains since
each and every subdomain introduces an additional interface to the
solution domain which results in extra elements. In 2D, a single domain
with N-elements leads to 2N x2N BEM matrices (this would be 3N X3 N
in 3D). On the other hand, a domain with (n) subdomains results in
N /n+(n—1)e elements with [2N /n+2(n—1)e] X[2N /n+2(n—1)e] BEM
matrices where ¢ is the number of elements on an interface which is
considerable smaller than N for slender bodies. As (n) grows so does
[(n—1)e], and the size of the matrices becomes comparable with (N /n)
and the improvement stops at a certain point. As an extension to con-
ventional multi-domain formulations, we have also introduced a ghost
domain that encapsulates the subdomain boundaries inside the solution
domain to ensure seamless transition of particles from one subdomain
to another. The presence of the ghost domain also necessitates extra
computation time (note that the velocity on ghost domain boundaries
are computed during the post-process and this calculation is out of

227

discussion at this point). Therefore, the key factor here is the ratio of
the ghost domain and subdomain ratio which severely determines the
behavior of the convergence curves (note the subdomain/ghost domain
ratio is also given on the second axis). Inherently, the size of a ghost
domain needs to be smaller than the size of a subdomain. We keep the
ghost domain size about the same as we further subdivide the solution
domain until 13 subdomains. Then, the size of ghost domains is halved,
and the size of the subdomains further reduced. At this point, the ratio
of the size of the subdomains to ghost domains experience an increase,
however the convergence behavior re-initiates after this point on.

In Fig. 4B, the effect of the number of particles is represented.
Speed-factor is the indication of the performance of the multi-domain
formulation against the single domain formulation. To be able to
compare the computational performance of different cases, CPU time
for each case is also summarized in Table 1. As the number of particles
increases, CPU time also rises due to the increase in the size of the sys-
tem matrices. However, as seen in the table, when the number particles
increases from two to four, the CPU time also almost doubles which is
actually quite unexpected since the majority of the elements on the non-
moving boundaries, and the elements of the moving boundaries (i.e.
particles) do not contribute to the overall size of the system matrices.
The reason for this behavior is the formulation we implemented for
the tracking of particles—the details of which is given in [35]. In this
formulation, the partition of the system matrices which corresponds to
non-moving boundaries are computed once and then stored for further
calculations. In this way, the number of particles is the determining pa-
rameter rather than the number of channel elements for the CPU time.
The cases with four and eight particles have similar behavior to that
of the case with two particles, but the speed-up factors are better, and
reaches about 50 which is a significant improvement achieved by just



A. Topuz et al.

Table 1
CPU time and speed-up values for non-periodic geometry.

Engineering Analysis with Boundary Elements 132 (2021) 221-230

# of channel elements Two particles Two particles

Four particles Eight particles

3560 30,220 30,220 30,220
# of subdomain CPU time [s] Speed-up CPU time [s] Speed-up CPU time [s] Speed-up CPU time [s] Speed-up
1 7828 1.00 88474 1.00 156 652 1.00 221155 1.00
2 3275 2.39 25309 3.49 28138 5.56 29466 7.50
4 1578 4.96 10799 8.19 11530 13.6 13542 16.3
6 1245 6.28 8732 10.1 10371 15.1 11736 18.8
8 871.1 8.98 6796 13.0 8264 19.0 9548 23.2
10 785.9 9.95 6301 14.0 7328 21.4 8799 25.1
12 703.6 11.1 5776 15.3 7035 22.3 8211 26.9
14 521.0 15.0 4299 20.6 4637 33.8 5859 37.7
16 467.3 16.8 4131 21.4 4422 35.4 5471 40.4
18 378.9 20.7 3363 26.3 3650 42.9 4800 46.1
20 368.1 21.3 3222 27.5 3434 45.6 4540 48.7
22 353.1 22.2 3126 28.3 3302 47.4 4388 50.4
Table 2
CPU time and speed-up values for a periodic geometry.
# of channel elements Two particles Two particles Four particles Eight particles
3000 30,000 30,000 30,000
# of subdomain CPU time [s] Speed-up CPU time [s] Speed-up CPU time [s] Speed-up CPU time [s] Speed-up
1 5096 1.00 19064 1.00 32452 1.0 42541 1.00
2 2116 2.40 7750 2.46 8308 3.90 9075 4.68
4 1227 4.15 4372 4.36 4553 7.12 5143 8.27
6 602.2 8.46 2059 9.26 2047 15.9 2351 18.1
8 324.4 15.7 1017 18.8 1001 32.4 1111 38.3
10 251.4 20.3 701.3 27.2 786.7 41.3 902.2 47.1
12 196.2 26.0 614.9 31.0 695.2 46.7 842.5 50.4
14 176.2 28.9 567.4 33.6 672.3 48.3 813.0 52.3
16 161.6 31.7 549.3 34.7 660.4 49.1 796.0 53.4
18 156.1 327 539.2 35.4 653.4 49.7 788.4 53.4
Table A.1

Comparison between present study and results from literature for a stationary cylinder in a Poiseuille flow (Re =2 x 107*)

k(=a/b) Present Study (PS) Results from [62] Faxen results from [62] (FR) Rel. % error between PS and FR Rel. % error between [62] and FR
0.0100 3.4012 3.5393 3.4057 0.13 3.77

0.0250 4.5218 4.7145 4.5282 0.14 3.96

0.0500 6.0123 5.9999 6.0214 0.15 0.36

0.1000 8.8907 9.1630 8.9060 0.17 2.80

0.2000 16.1724 16.3585 16.2072 0.21 0.92

0.4000 48.4175 48.8511 48.6229 0.42 0.47

0.8000 1231.8493 1256.1650 - - -

0.9000 7681.9006 7361.3287 - - -

0.9500 44,488.9807 44,093.1632 - - -

modifying formulation without any manipulation on the computation
side.

In microfluidic applications, repeating sections exists in many cases,
therefore the performance of the proposed multi-domain formulation
is also evaluated for a periodic geometry. Fig. 5 illustrates the per-
formance of the multi-domain formulation with a periodic geometry,
and the corresponding CPU time for each case is also tabulated in
Table 2. Since the computational domain has repeated subdomains,
the BEM matrices are computed only once for the subdomains without
any particles. As a result, CPU time significantly decreases compared
to the case with non-periodic geometry. This trend also holds as the
number of particles increases. As the number of particles increases from
two to four, this time CPU time is not doubled this is due to fact that
the overhead of the calculation of the partition of the system matrices
corresponding to the non-moving boundaries.

Another important observations is that the decrease in the ratio of
the size of subdomains to ghost domains is gradual, and so does the
increase in the speed-up. This is due to the fact that the size of the
subdomains is less restricted and an interface can be located between
any two repeating structures regarding the periodic structure of the
solution domain. However, owing to the fact that the limitations on
the selection of the size of the subdomains and the ghost domains, the
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ratio reaches a limit where the speed-up values also saturate. Like the
case with non-periodic geometry, the speed-up factors of 50 is achieved
with a significant reduction in CPU time.

4. Conclusions

A multi-domain boundary element formulation is developed for par-
ticulate flow in microchannels. Extension to the conventional MDBEM,
ghost domains encapsulating the interfaces between the subdomains
are introduced in the formulation to treat the particles crossing the
interfaces between the subdomains. The formulation is demonstrated
in 2D without loss of generality. Although the formulation presented
in this work only includes hydrodynamic interactions, it may easily be
extended for multi-physics problems for wider range of microfluidic
applications. Our group recently implemented BEM formulation for
AC/DC electrokinetic particle manipulation [14] and acoustophoretic
bio-particle manipulation [64]. The current multi-domain formulation
can be also extended to handle multi-physic problems for microfluidic
applications.

Just the results for 2D geometry are demonstrated in this study,
however the performance of the multi-domain formulation in 3D would
be similar if not better. Especially the results for the cases with periodic
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Fig. A.1. Schematic drawing of the benchmark problem.

geometry is valuable to give an idea about the 3D cases. The benefit of
the formulation is emphasized for higher number of elements. Although
the cases with many inclusions are considered in 2D, in 3D even for a
straight microchannel would have similar number of elements (if not
well above), and hence a straight microfluidic channel can be treated
as a periodic geometry. Since the number of elements introduced with
each interface would be relatively small compared to the total number
of elements in the solution domain in 3D, one can expect that the
performance of the proposed formulation would be even better for
3D geometries with a comparable number of degree of freedom. The
computation is further simplified for the solution domains composed
of periodic structures, and as illustrated in Fig. 5, our multi-domain
formulation exhibits a very promising performance for the domains
with periodic structures. Therefore, we believe our multi-domain for-
mulation together with the particle tracking formulation will be very
beneficial for the microfluidics community. Moreover, the results of
our study revealed that speed-up values above 50 is achieved with
the current formulation. Keeping in mind the calculation of elements
of the BEM matrices is inherently parallel process, the computational
performance of the formulation can be further enhanced with parallel
programing [35] which will be one of our future research directions.
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Appendix. Validation of the BE formulation

A benchmark problem from the literature [62] is employed to
validate the BE formulation. The drag force generated on a stationary
particle placed in a Poiseuille flow as shown in Fig. A.1 is considered.
The non-dimensional drag force is calculated for varying k—parameter
which is the ratio of the particle radius to channel height. The results
given in [62] are based on finite element (FE) formulation. For compar-
ison, the results are also compared against the Faxén formula, which
is an analytical solution for the same problem and valid for k < 0.5.
The results are summarized in Table A.1. The relative error of the
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current formulation is less than 1% against the Faxén formula. Note
that the relative error of the results in [62] is higher than that of the
present study. The relative error is less than 5% between the BE and
FE formulations.
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