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Purpose: In contrast to conventional linear gradients, gradient coil arrays with arbitrary 
spatial dependency might experience strong mutual coupling. Although conventional 
gradient power amplifiers with feedback loop might compensate the effect of coupling, 
required voltages for the compensation are generally unknown and has to be considered 
beforehand to ensure that amplifier voltage limits are not exceeded. A first‐order circuit 
model is proposed to be used as a feedforward model which enables analytical formulas 
of required voltages to drive the mutually coupled gradient coil arrays.
Theory and Methods: A first‐order circuit model including the mutual couplings is 
provided to analytically calculate the input voltages and minimum achievable rise 
times for a given set of gradient array currents and amplifier limitations. Previously 
designed 9‐channel Z‐gradient coil array and home‐built gradient amplifiers (50 V 
and 20 A) are used in the experiments. Three sets of currents optimized for linear 
Z‐gradient, second‐order Z2, and third‐order Z3 fields are used in the bench‐top 
experiments. The current weightings for the linear Z‐gradient are also used as the 
readout gradient in the 3T MRI experiments.
Results: Current measurements for the example magnetic field profiles with mini-
mum rise times are demonstrated for the simultaneous use of 9‐channel gradient coils 
and amplifiers. MRI experiments verify that a linear Z‐gradient field with a desired 
time waveform can be generated using a mutually coupled array coils.
Conclusion: Bench‐top and MRI experiments demonstrate the feasibility of the pro-
posed circuit model and analytical formulas to drive the mutually coupled gradient coils.
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1  |   INTRODUCTION

In conventional MRI, linear gradients are used to en-
code the spatial coordinates of spins onto the resonance 
frequency. In the past decade, gradient coil arrays with 

arbitrary magnetic field profiles have proven to be useful 
for encoding purposes1-4 at the expense of increased hard-
ware complexity. Conventional linear gradient coils are 
generally designed to have minimal coupling, which is not 
the case for generalized array of coils. High‐channel‐count 
gradient elements can couple to each other because of the 
nonorthogonal magnetic field profiles. Gradient array Koray Ertan and Soheil Taraghinia contributed equally to this work. 
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elements are likely to be mutually coupled even for orthog-
onal spherical harmonics field profiles,5 although there 
have been some efforts to reduce3 or avoid mutual coupling 
between the channels.6 On the other hand, driving mutually 
coupled gradient array coils is possible and might even be 
preferable to avoid the mutual coupling constraints in the 
coil design.

Providing high‐fidelity and high‐bandwidth currents for 
gradient array systems might be a challenge because of the 
mutual coupling. A conventional gradient power amplifier 
(GPA) with a feedback control might help to compensate 
the effect of induced voltage on the coil due to the mutual 
coupling. However, required voltages to fully compen-
sate the effect of mutual coupling should be known while 
designing the gradient current waveforms; otherwise, 
amplifier voltage limitations might be exceeded and full 
compensation cannot be realized. Therefore, a feedforward 
system enabling an analytical calculations of the required 
voltages might be desirable to drive the mutually coupled 
gradient array coils.

Gradient array systems should be considered as  
multiple‐input‐multiple‐output (MIMO) systems, because 
the time‐varying current in 1 element can change the 
current waveforms of the other elements. If the system 
is assumed to be linear and time invariant, the frequency 
response of the system, including the cross terms, can be 
measured. Once the system is known, appropriate predis-
tortions can be applied to the input waveforms5,7 to obtain 
the desired gradient waveforms. Inverting the frequency 
response of the system at a high bandwidth might be com-
putationally expensive for a high number of channels and 
lacks an analytical expression that can be used to calculate 
the amplifier limitations.

This study is an extended version of a previously pre-
sented conference abstract on driving mutually coupled gra-
dient array system.8 Here, a first‐order time domain model 
of driving mutually coupled array elements is developed and 
allows analytical calculation of the required input voltages for 
a given set of desired output currents. This analytical expres-
sion can be used to find the minimum achievable rise time for 

a given current combination of the coil arrays under the am-
plifier voltage limitations. The self‐ and cross‐impedances of 
each element according to the proposed model are compared 
with impedance measurements in the operating bandwidth 
of the amplifiers (<10 kHz). The first‐order model and ex-
pression for the minimum achievable rise time is validated in 
bench‐top experiments with 3 different current combinations 
that generate a linear Z‐gradient and second‐ and third‐order 
z‐shim fields on a 9‐channel low‐cost home‐built gradient 
array system. Finally, a driving mutually coupled gradient 
system is demonstrated with MRI experiments.

2  |   THEORY

2.1  |  Circuit model
Figure 1 shows the linear and time invariant circuit model 
of the gradient coils and a single stage of the LC gradient 
filter, where ZL and ZC are the impedances of the series 
inductor and parallel capacitor of the filter, respectively. 
Moreover, each cable of the coil is carried inside the MR 
room using a feedthrough capacitor to filter out the RF noise 
penetrating into the shielded room. Although capacitance 
of the feedthrough filters can be added to ZC in differential 
mode, their impedance is dominated by ZC in the operating 
bandwidth of the GPAs. Therefore, the capacitance of the 
feedthrough filter is excluded from the model. The imped-
ance of the mutually coupled gradient coils is modeled by 
a series combination of a diagonal resistance matrix, R, and 
a mutual coupling matrix, M, in which the diagonal terms 
determine the self‐inductance and the off‐diagonal terms de-
termine the inductive coupling between the channels.8 The 
input and output characteristics of this model at a single fre-
quency can be modeled as a MIMO system to account for 
cross couplings as in Equation 1:

where V and I are the vectors for the input voltage and 
output current of all channels, and E is the identity matrix. 

(1)V (�)=

(
Zg+2ZLE+

2ZL

ZC

Zg

)
I (�)

F I G U R E  1   Circuit model for the single‐stage LC gradient filters and mutually coupled gradient coils
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Zg is the coil impedance matrix, which can be written as  
Zg = R + jωM.

The output filter is designed to suppress the current ripple 
at the effective switching frequency of the amplifiers while 
having minimal influence at the bandpass frequencies. 
The capacitive term in Equation 1 can be neglected in the  
low‐pass regime, which leads to the definition of the first‐order 
time domain relation between the input voltage and out-
put current, as in Equation 2. The first‐order time domain  
expression in Equation 2 is the equation that is used in the 
pulse width modulation (PWM) calculations throughout the 
study.

2.2  |  Minimum rise time
In a mutually coupled array configuration, the maximum 
amplifier voltage and impedance of a single channel are not 
sufficient to determine the rise time for a given current value. 
Current flowing through each coil is highly affected by the 
currents flowing through the other coils, especially neighbor-
ing coils with strong coupling. Therefore, the rise times and 
resulting slew rates should be calculated for each current am-
plitude and timing. For a particular time dependence of a fixed 
magnetic profile, all coils should be driven by currents with 
different amplitudes but exactly the same time dependence. In 
the case of a typical trapezoidal current with equal rise and fall 
times, the peak voltage is required either at the end of the rise 
period or the beginning of the fall period. If the voltage limita-
tions of the amplifiers are identical for each channel, there is 
a lower bound on the rise time determined by the coil with the 
highest peak voltage, which should be driven by the maximum 
voltage limitation of the amplifiers. Considering Equation 2a, 
the minimum possible rise time for a trapezoidal time depend-
ence of any magnetic field profile can be calculated as follows:

where Δtmin is the minimum rise time, In is the current am-
plitude of the nth channel during the plateau period of the 
trapezoidal waveform, Mtotal

mn
 and Rtotal

mm
 are the entries of Mtotal 

and Rtotal, respectively, at mth row and nth column. Vmax is the 
maximum voltage limitation of the identical amplifiers.

2.3  |  Optimization of gradient currents
A gradient array system enables dynamic optimization of the 
field profile with dynamically adaptable current weightings. 

A least squares optimization problem is formulated to solve 
the optimal current weightings for a given target magnetic 
field profile, as shown in Equation 4:

where Btarget is a column vector consisting of a target mag-
netic field at discrete locations, B is a matrix with column 
vectors consisting of measured or simulated magnetic field 
profiles for a unit current applied to each channel, Iw is 
a column vector representing the current weightings of 
all channels with unit infinity norm and α is a normaliza-
tion factor to ensure that current weightings are normal-
ized such that maximum current among the channels are 
unity. Although one can define many other optimization 
problems, this optimization problem is preferred for the 
current weightings in this example because it provides the 
minimum error norm as the simple analytical solution, as 
shown in Equation 5:

where B+ is the pseudoinverse of B.

3  |   METHODS

3.1  |  Gradient array system
Gradient array systems consist of multiple coils driven by 
individual amplifiers. Figure 2 depicts the main compo-
nents of the proposed gradient amplifier array setup. Each 
GPA is used in a 1‐stage H‐bridge configuration, and a 
bootstrap circuit is used to drive the high side switches. 
An isolated gate driver (ADuM7234, Analog Devices, 
Norwood, MA) is used to switch NMOS transistors 
(IRFP250n, Infineon Technologies Americas Corp., El 
Segundo, CA), providing 50 V and 20 A at the output. A 
single power supply is used to feed all the GPAs, because 
each GPA consists of a single‐stage H‐bridge rather than a 
conventional stack configuration.9 Component values and 
models are provided in Supporting Information Table S1, 
which is available online. Images of the home‐built GPAs 
are shown in Figure 3A.

The evaluation board of a Xilinx Virtex5 FPGA (XMF5, 
PLDkit OU) with a 100 MHz clock frequency is used to 
generate the PWM control signals. The PWM period is cho-
sen as 20 µs, which leads to a 10 µs dwell time and a 100 
kHz effective PWM frequency for the center‐aligned PWM 
configuration. Considering the clock frequency, the duty 
cycles can be set approximately with 10 bits of resolution 
for all channels independently. The FPGA is programmed 
by a user interface in a PC by means of serial communica-
tion. The user interface allows programming of the channel 

(2a)V (t)=Mtotal dI (t)

dt
+RtotalI (t)

(2b)Mtotal
=M+2LE and Rtotal

=R+2RLE

(3)Δtmin = max
1≤m≤N

⎧
⎪⎨⎪⎩

���
∑N

n=1
Mtotal

mn
⋅ In

���
Vmax−

��Rtotal
mm

⋅ Im
��

⎫⎪⎬⎪⎭
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Iw,�

‖Btarget−�BIw‖2

(5)I∗
w
=

B+Btarget

‖B+Btarget‖∞
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impedance, desired current waveforms, PWM delays to pre-
vent shoot through in the H‐bridge circuitry, supply voltage, 
and PWM periods independently for an arbitrary number of 
channels. A screenshot of the user interface is provided in 
Figure 3B. The PWM duty cycle calculations are performed 
using the FPGA based on the MIMO feedforward model 
proposed in Equation 2. Although combination of the feed-
forward and feedback controllers might increase the time 
fidelity of the currents, the required hardware and controller 
for feedback loop are not realized in this study and left as a 
future study.

A previously designed 9‐channel Z‐gradient array is used 
to demonstrate the proposed method of driving mutually 
coupled gradient coils. Each gradient channel consists of 36 
turns wound on a plastic cylindrical shell with a diameter of 
25 cm and a total length of 27.5 cm for 9 channels. Tx/Rx 
birdcage coil and its shield are also placed inside the gradi-
ent coil array. Schematic illustration and photograph of the  
Z‐gradient array are provided in Figure 3C and D, respectively. 

More detailed information about the gradient array coil can 
be found in Ertan et al.1

3.2  |  Impedance measurements
The lumped element circuit model assumes that the induct-
ance, capacitance and resistance values are constant in the 
operating bandwidth of the amplifiers. However, gradient 
waveforms require high fidelity to the programmer’s  
design. Therefore, the impedance of the filter components 
and gradient coils are measured as a function of frequency 
using a GW Instek LCR‐B105G high‐precision LCR meter 
(Good Will Instruments, Taiwan) for comparison with the 
low‐frequency approximation of the lumped element circuit 
model. Extended open and short circuit tests are performed 
to measure the self and leakage inductance of the mutually 
coupled coils including the winding resistances.10 First, the 
impedance of the filter components and the self‐impedance 
of each gradient channel are measured up to the operating 

F I G U R E  2   Schematic illustration of the full H‐bridge gradient amplifier array (periphery components of the right side are not shown here), 
including a single power supply, its gate drivers, control signals provided by an FPGA, and gradient coils as loads

F I G U R E  3   Nine gradient amplifiers and an FPGA (A), user interface to program the waveforms for all channels (B), schematic illustration of 
the Z‐gradient array (C), and photograph of the 9‐channel Z‐gradient coil array (D)
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bandwidth of the amplifiers (≤10 kHz) with a 100 Hz step 
size. Calculation of the frequency‐dependent cross‐channel 
impedance, Zmn, requires another impedance measurement 
of the mth channel when the nth channel is a short circuit. A 
detailed explanation can be found in Supporting Information 
Text S1. After calculating the Zg, the impedances of the fil-
ter components are also measured to calculate the frequency 
response of the circuit, Vm(ω)/In(ω), based on the impedance 
measurements according to Equation 1.

3.3  |  Experiments
Driving mutually coupled gradient array system is illustrated 
with 3 example current vectors optimized for different mag-
netic field distributions, such as a linear Z‐gradient (Bz ∝ z), 
second‐order Z2 (Bz ∝ z2−0.5(x2+y2) and third‐order Z3 (
Bz ∝2z3−3z

(
x2+y2

))
 fields inside a 15‐cm diameter spher-

ical volume. All computations are performed in MATLAB 
2017a (The MathWorks, Natick, MA). Magnetic field map 
measurements from the previous study1 are used to obtain the 
target magnetic field distribution.

Although full mutual impedance matrix measurements 
of the 9‐channel coil are available, self‐inductances and 
resistances are tuned manually to include the effect of the 
feed cables and amplifier‐related parameters, such as stray  
inductances and drain source on‐resistance of the MOSFETs. 
Currents flowing through 9 coil elements are captured for the 
example cases to demonstrate the effect and feasibility of com-
pensating for the mutual coupling between channels. Current 
measurements are performed on the lab bench using a current 
probe (LFR06/6 Rogowski Current Waveform Transducer, 
Power Electronic Measurements Ltd., Nottingham, UK) 
and a digital oscilloscope (Agilent DSOS104A, Keysight 
Technologies, Santa Rosa, CA) before moving on to the 
imaging experiments inside the scanner. Current waveforms 
are digitized at a rate of 2 MSa/s to filter out the higher‐ 
frequency interference signals in the environment.

Furthermore, MRI experiments are conducted to image 
an orange as well as a home‐built, homogeneous cylindrical 

phantom with a diameter of 10 cm that consists of CuSo4 
solution at a concentration of 15 mM/L. Central coronal slices 
(X‐Z plane) are imaged using a gradient echo sequence with 
an field of view of 150 mm, an isotropic in‐slice resolution of 
1 mm and a slice thickness of 5 mm. For the orange and phan-
tom images, the echo time/repetition time values are 10/100 
ms and 7/300 ms, respectively. During the experiments, the 
system Z‐gradients are turned off. Coil elements with current 
weightings optimized for a linear Z‐gradient with a gradient 
strength of 13 mT/m are used as the prephaser and readout 
gradients. The prephaser and readout gradients take a total of 
1150 µs and 2300 µs, respectively, including the rise and fall 
times of 500 µs. The maximum gradient amplifier voltage is 
limited to 40 V, and 80% of the actual specification of the 
amplifier increases the reliability of the system.

4  |   RESULTS

4.1  |  Impedance model comparison
Impedance measurements are performed to test the validity 
of the first‐order lumped element circuit model in the  
low‐pass frequency regime, which is expressed in Equation 
2. For the first‐order circuit model, inductance values 
measured at 1 kHz are assumed to be valid over the entire 
frequency range, and the resistance values measured at DC 
are used in the entire bandwidth. Figure 4 shows the mutual 
inductance matrix (M) measured at 1 kHz and DC resistance 
matrix (R) of the gradient array coils. The mean value of the 
self‐inductance of the coils is 608 µH and the mean value 
of the mutual inductance between the closest neighboring 
channels is 328 µH, which is more than the half of the 
coil’s self‐inductance. Mean value of the DC resistance is 
1.13 Ω. Furthermore, inductance and resistance of the filter 
inductor are measured as 36 µH and 40 mΩ, respectively, 
which is also included in the first‐order lumped element 
circuit model. The entire frequency response of the first‐
order lumped element circuit model and impedance meas-
urements are compared in Figure 5. An impedance matrix 

F I G U R E  4   Mutual inductance matrix, M, measured at 1 kHz (A) and DC resistance matrix, R, for 9 channel Z‐gradient array coils (B)
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for 4 representative channels is shown, and similar charac-
teristics are present for the other channels.

The impedance measurements can be used to analyze the 
assumptions made in Equation 2. Each coil element is mod-
eled as an inductance and a DC resistance by assuming that (1) 
there is no AC resistance; and (2) the self‐resonance frequency 
of the coil is at much higher frequencies than the operating 
bandwidth of the amplifiers; the effect of the filter capacitor 
in Equation 1 is also neglected in Equation 2. Based on these 
assumptions, magnitude of the impedances increases linearly 
as a function of frequency with a slope proportional to the 
corresponding self or mutual inductance. These assumptions 
lead to only a 1% deviation in the self‐impedance on average 
at 5 kHz compared with the frequency response measurements. 
For frequencies greater than 5 kHz, the capacitive effects  
become notable, and the circuit model overestimates the self‐ 
impedance by nearly 12% for all channels at 10 kHz. The average 
phase error of the self‐impedance is 4° at 10 kHz, which origi-
nates mostly from the increase in the AC resistance of the coil. 
Moreover, the circuit model also underestimates the amplitude 
of the mutual impedances at frequencies higher than 5 kHz due 
to capacitive effects. The average phase of the mutual imped-
ance between any channel and the closest neighbor is 88° at 
10 kHz. The phase of the mutual coupling might deviate from 
90° due to the losses during the coupling. Therefore, the purely 
inductive mutual coupling assumption in Equation 2 causes a 2° 
phase error in the frequency response of the cross terms.

4.2  |  Compensation of mutual coupling
In highly coupled gradient array coils, the actual current 
waveforms might significantly deviate from the desired cur-
rent waveform if mutual coupling is not compensated during 

the voltage calculations. The current error might be in differ-
ent forms depending on the individual current amplitudes and 
waveforms for the mutually coupled coils, as illustrated in 
Figure 6. When the self‐inductances of 2 coils are comparable 
and the mutual coupling coefficient is positive, the current 
flowing in the same direction, depending on their amplitudes, 
might lead to an undershoot and increase the rise time of the 
desired current for both channels because of the opposing in-
duced voltage (Figure 6A). Similarly, reverse directed currents 
flowing in the 2 coils can cause an overcurrent in both channels 
(Figure 6B). Moreover, even the direction of the current might 
change from the desired current direction if the induced voltage 
is greater than the applied voltage (Figure 6C). In particular, 
the current waveforms of channels with relatively lower desired 
current values might be significantly influenced by the chan-
nels with higher current values, as shown in Figure 6C. When 
the mutual coupling is considered as in Equation 2, desired  
current waveforms can be achieved with significantly less 
error. Therefore, mutual coupling should be considered for the 
accurate generation of mutually coupled coil currents.

4.3  |  Benchtop experiments
The current weightings are optimized for 3 example magnetic 
field profiles, such as the Z, Z2, and Z3 fields, using Equation 
5. The optimal current weightings are scaled by 20 A when the 
amplifiers are driven at their maximum current limits. The target 
magnetic fields and the obtained magnetic field profiles using 
the superposition of the previously measured magnetic field 
map of each channel with optimized current weightings and 
error between the target and obtained magnetic field profiles 
are provided in Figure 7. The optimized linear Z‐gradient field 
profile is also used as a readout gradient during the experiments.

F I G U R E  5   Impedance matrices are shown for (blue) the proposed circuit model in Equation 2 assuming frequency‐independent circuit 
elements and (red) the calculated ratio of the input voltage for the mth channel and output gradient current for the nth channel using impedance 
measurements of coil arrays with filters as a function of frequency. Both the magnitude (A) and phase (B) of the impedance matrices are shown

(A) (B)
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Furthermore, the minimum attainable rise times for the op-
timized current vectors are calculated using Equation 3 as 450 
µs, 440 µs, and 380 µs for the Z, Z2, and Z3 fields, respectively. 
The user interface of the gradient amplifiers is programmed 
to provide trapezoidal current waveforms with minimum rise 

times. Figure 8 shows the measured current waveforms pass-
ing through all gradient channels for the 3 field profiles. Small 
current drops were observed in the plateau region of some of 
the trapezoidal waveforms, most likely because of the supply 
voltage drops during high‐demand use. Moreover, there is no 
feedback loop in the amplifiers to ensure that the output cur-
rent accurately tracks the desired input signal. However, all 
current waveforms increased to the desired value in the min-
imum possible rise time, which confirms the circuit model in 
Equation 2 and the analytical expression in Equation 3.

For each desired current vector, required voltage for each 
channel is calculated using Equation 2a. The required voltage 

F I G U R E  6   Experimental results for the current measurements 
of 2 channels when mutual coupling is or is not compensated during 
the input voltage calculations. Three example current pairs are 
demonstrated for Ch1 and Ch2 as 10 A and 10 A (A), 10 A and ‐10 A 
(B), and 10 A and 2 A (C)

F I G U R E  7   Magnetic field profiles 
for linear Z (Bz ∝ z), second‐order Z2 
(Bz ∝ z2 −0.5(x2 +y2)) and third‐order Z3 
(Bz ∝2z3 −3z

(
x2 +y2

)
) magnetic fields.  

Row 1, Target magnetic field profiles. Row 
2, Superposition of measured magnetic field 
profiles with optimized current weightings, 
that is, optimized field profiles. Row 3, 
Error maps between the target and optimized 
magnetic field profiles. The red circles 
indicate the optimization box, which is a  
15 cm diameter spherical volume
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Z2, and Z3 field profiles. Trapezoidal current waveforms with 
analytically calculated minimum rise times are applied to all channels 
simultaneously
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for each channel can be decomposed into 3 different voltages 
such as VR, VSelf, and VCoupling for the interpretation purposes. 
VR represents the voltage required by the resistive part of the 
impedance matrix (Rtotal). VSelf is the voltage required by 
the self‐inductance of each channel which only accounts for 
the diagonal entries of (Mtotal). Voltage induced on each coil 
due to the cross couplings is represented by the VCoupling, 
which is determined by the off‐diagonal entries of the Mtotal,  
current flowing through all other channels and rise/fall time 
of the trapezoidal waveform. In other words, VCoupling rep-
resents the amount of voltage that should be considered to 
account for the couplings. Summation of these 3 decomposed 
voltages results in the applied voltage to the corresponding 
coil element. Figure 9 shows the decomposed drive voltages 
of each channel for 3 current vectors in Figure 8. Because 
peak voltage for each channel is reached either at the end of 
the rise period or at the beginning of the fall period, voltage 
values are provided at the end of the rise period in Figure 9. At 

the beginning of the fall time, signs of the VSelf and VCoupling 
should be reversed. In Figure 9, it can be observed that 
VCoupling can be as high as VSelf for some channels. It should 
also be noted to that VCoupling and VSelf have opposite signs 
and coupling decreases the demand on the voltage waveforms 
for these specific examples only because direction of the cur-
rent incidentally alternates between the neighboring channels 
for least square field errors. For the general case, VCoupling 
and VSelf can be destructively or constructively superposed 
depending on the direction of the currents as already shown 
in Figure 6.

4.4  |  MRI experiments
Figure 10 shows a comparison of the coronal MRI images 
acquired using a conventional Z‐gradient system and the  
Z‐gradient generated by the array system as a readout gradi-
ent. There are no significant spatial distortions in the images 

F I G U R E  9   Decomposed drive voltage amplitudes, VR, VSelf, and VCoupling, at the end of the rise period of the trapezoidal current waveforms in 
Figure 8. For the voltages at the beginning of the fall period, signs of both VSelf and VCoupling should be reversed. It should also be noted that applied 
coil voltages can be calculated by summing up the contributions of VR, VSelf, and VCoupling
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of the cylindrical phantom, which validates 2 claims. First, 
the linearity of the magnetic field generated by the array sys-
tem is comparable to the linearity of the conventional gra-
dient coil. Second, the desired gradient moment is achieved 
between the readout samples, because the dimensions of the 
phantoms are almost identical. Additionally, both the phan-
tom and orange are imaged using an averaging factor of 4 to 
test the repeatability of the experiments and increase the SNR 
of the images. The agreement between the images taken with 
the system gradients and the gradient array can be consid-
ered as a proof of concept for the proposed method of driving 
mutually coupled array coils. Furthermore, using a gradient 
array system as a readout gradient results in some artifacts in 
the phase encoding direction, which can be visually inspected 
in Supporting Information Figure S2.

5  |   DISCUSSION

5.1  |  Effect of the gradient filter
The impedance measurements of the self‐impedance and 
mutual impedance of the coil alone are in good agreement 
with the model in which each coil is represented by a series 
RL circuit and inductively coupled with other series RL 
circuits (see Supporting Information Figure S1). Although 
these results are specific to our custom‐designed Z‐gradient 
array coil, the technique is proposed for general gradient 
coil arrays based on the fact that the self‐resonance fre-
quency of the gradient coils is designed to be much higher 
than the switching frequency of the amplifiers. However, 
the frequency response between the amplifier’s output 
voltage and the coil current can be affected by the capaci-
tive components of the gradient filter. Because the first‐
order model overestimates the impedance of the system 
as in Figure 5, the channel voltages in Equation 2 and the 

minimum rise time in Equation 3 are also overestimated. 
Therefore, neglecting the capacitive effects in analyti-
cal models does not pose a risk of exceeding the ampli-
fier voltage limitations. Filter effects are apparent toward 
the end of the bandwidth, which generally contains lower 
power. Furthermore, higher‐order filters can be designed 
with sharper frequency responses to be transparent in the 
operating bandwidth of the coil currents while providing 
enough suppression at the switching frequency.11,12 In this 
study, a single‐stage LC filter is preferred to avoid a further 
increase in the complexity of the hardware. Higher‐order 
filters might increase the physical space requirements, 
power dissipation and cost of the hardware.

5.2  |  Feedback requirement
In this study, the gradient array system is modeled as an lin-
ear and time invariant system and included as a MIMO feed-
forward model in the digital controller of GPAs. Although 
this model provides currents to the coils with adequate ac-
curacy to perform the imaging, higher‐order effects and 
nonlinear effects such as thermal effects, power source and 
amplifier imperfections can still degrade the time fidelity of 
the coil currents.5 Therefore, a closed loop feedback system 
might be required to compensate for the residual current er-
rors. An ideal gradient amplifier with infinite voltage com-
pliance and ideal feedback loop might also compensate the 
effect of the mutual coupling without having the feedforward 
model. However, realistic GPAs with voltage limitations 
might fail to fully compensate the effect of strong mutual 
coupling if required compensation voltage are not considered 
while designing the gradient current waveforms. Therefore, 
feedforward model is still desirable because it enables ana-
lytical calculations of the required voltages and the minimum 
achievable rise times. The design of the current controller for 

F I G U R E  1 0   Coronal MRI images of a cylindrical phantom and an orange with 1 and 4 averages. Row 1. The system Z‐gradient. Row 2, 
Gradient array system is used as the readout gradient for comparison. The fixed red circles indicate the boundaries of the phantom
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the mutually coupled coil arrays might also require multi-
variable feedback control13 because of the cross‐talk between 
the channels, which requires further investigation. The first‐
order model in combination with a single‐input‐single‐output 
feedback loop might provide the desired waveforms with 
lower computational complexity as an alternative to a full 
frequency response correction of the system.5,7

Determination of the circuit model parameters is prone 
to measurement errors. Model parameters might also be 
time varying due to heating related problems or mechani-
cal changes in the system. A feedback loop can be useful to 
compensate the errors in the model parameters. Furthermore, 
model parameters including only the coil elements and gra-
dient filters are measured in this study; however, manual tun-
ing is still necessary to account for the effect of feed cables 
and amplifier related parameters. In a high channel count 
array system, manual tuning of the parameters might not be 
practical. It would be beneficial to use the GPAs itself as an 
auto‐calibration system that can extract the model parame-
ters including the effect of GPAs on the impedance. Similar 
to a feedback loop, an auto‐calibration system can be used  
dynamically to track the time varying changes in the model 
parameters. Auto‐calibration system might use extended open 
and short circuit test as in this study as well as different cou-
pling measurement techniques. Series‐aiding series‐opposing 
method10 might not be practical because it requires electrical 
switches between all combination of array elements for auto‐
calibration. Voltage based measurement techniques can be 
used to characterize the method; however, high frequency 
switching noise on the voltage should be handled.

5.3  |  Eddy current compensation
Although our coil array is not shielded, eddy current effects are 
negligible due to the small radius of the coils. Each element 
can be designed to be actively self‐shielded3 or a shield can 
be designed as an array of coils driven by independent ampli-
fiers. The proposed model is very similar to the conventional 
eddy current compensation method, which assumes multiple 
couplings between the conductive surfaces and the gradient 
coils.14 Recently developed methods of eddy current pre‐ 
emphasis calculations of coupled shim coils15 can also be used 
together with the proposed method to account for the couplings 
with both passive eddy current surfaces and other actively 
driven coupled coils. Moreover, there are some programmable 
pre‐emphasis systems that can adapt the pre‐emphasis coeffi-
cient dynamically,16 which can be adapted for mutual coupling 
compensation dynamically as part of the spectrometer.

5.4  |  Hardware perspective
Significant voltages can be induced on the loads due to the 
high change rate of the currents in the neighboring channels. 

Therefore, voltage ratings of the amplifier components should 
be considered at the design stage to ensure that no compo-
nent is at risk during the worst‐case coupling scenarios. As 
another extreme case, induced voltages might even exceed 
the supply voltage of the amplifiers, which might cause some 
unexpected current flow through the freewheeling diodes of 
the transistors. Furthermore, the malfunctioning of an ampli-
fier might also damage the other amplifiers due to coupling; 
therefore, the safety precautions should also consider the 
mutual coupling between channels by monitoring the current 
and voltage of all amplifiers.

Although extreme couplings might be troubling in terms 
of the amplifier, mutual coupling might be used to decrease 
undesired current ripples originating from the switching 
voltages. Multistage H‐bridge amplifiers can accompany 
phase‐shifted PWM schemes17 to increase the effective 
switching frequency, which results in reduced current rip-
ples. Single‐stage amplifiers cannot increase the effec-
tive switching frequency in their normal operation mode, 
and optimized relative phases for the PWM signals of the 
amplifiers along with their mutually coupled loads can  
decrease the energy of the current ripples by more than 90% in 
some cases.18 The PWM phase shifting strategy can be used 
together with gradient filters to further reduce the current 
ripples.19 The advantage provided by the relative phases of 
the PWM control signals for an amplifier array might also 
be exchanged for simpler gradient filters with lower series 
inductance, smaller physical size, lower power dissipation, 
or lower phase delays.

5.5  |  Applications of coil arrays
Previously, it was demonstrated that nonorthogonal field 
profiles can compete with conventional orthogonal spheri-
cal harmonic fields for dynamic shimming purposes using a 
high number of shim array coils20-25 or RF coils as shim coils 
with dedicated hardware.26,27 Although the gradient field de-
mands in terms of switching rates and field amplitudes are 
higher than in shim coils, mutual coupling might still affect 
the shimming performance of shim coil arrays in theory. 
Similarly, shim coil arrays are generally used simultane-
ously with conventional linear gradients, which might induce 
undesired currents in the shim coils due to mutual coupling 
between the system gradients and shim arrays. Effect of the 
mutual coupling on shimming performance depends on sev-
eral factors such as sequence timings, mutual inductance 
between the shim array elements and their position relative 
to the conventional linear gradient coils. More importantly, 
shim coil arrays can also generate linear gradient profiles2 
and can be used for combined imaging and shimming appli-
cations.28 In this case, mutual coupling should also be con-
sidered, because the shim array current should be switched at 
faster rates for imaging purposes.
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Furthermore, some single‐channel insert coils with non-
orthogonal field profiles might be advantageous to mitigate 
the B1

+ inhomogeneity,29 field of view reduction,30 and diffu-
sion encoding31 when simultaneously used with linear gradi-
ents. Mutual coupling between the insert coil and the system 
gradient coils can also significantly degrade the performance 
of the system depending on the application.

5.6  |  Mutual coupling considerations 
during the coil design
Nonorthogonal field profiles generated by arbitrary coil ge-
ometries are likely to cause mutual coupling between the 
channels. Mutual coupling might be reduced in the design 
stage by physically shifting the coil elements.3 Coil arrays 
can also be designed by constraining the field orthogonality 
of the channels; however, discretization of the surface cur-
rents might still cause some residual mutual coupling.6 For 
both strategies, the aim of avoiding mutual coupling results in 
more constraints and fewer degrees of freedom in the system 
design. Furthermore, coil manufacturing, the scarcity of avail-
able space on the coil surfaces, the feed cables of the coils 
and the high number of coil elements can still cause mutual 
coupling even if it is avoided in the design process. Therefore, 
the proposed method of modeling and controlling the mutual 
coupling of gradient array systems might be preferable.

5.7  |  Field design flexibility
Driving each coil element independently enables dynamic gra-
dient design. For conventional gradients, design parameters 
such as volume of interest, gradient linearity, gradient strength, 
and the inductance of the coils are specified during the design 
stage and cannot be changed after manufacturing the coils. In 
contrast, some tradeoffs between the design parameters can be 
dynamically used depending on the target volumes and imag-
ing sequences for array systems. The proposed formulation in 
Equation 3 might be included in the optimization problems for 
better usage of hardware slew rate limits (i.e., voltage ratings) 
in exchange for sacrificing other field parameters. However, 
physiological slew rate limits due to peripheral nerve stimula-
tion are still an open question for gradient coil arrays because the 
vector E‐field distribution generated by each element is dynami-
cally superposed when coil currents are dynamically changing. 
Therefore, the proposed study enables the analysis and optimi-
zation of the slew rate limits in terms of hardware capabilities, 
while physiological slew rate limits require further investigation.

6  |   CONCLUSIONS

In this study, the mutual coupling of gradient coil arrays is 
analyzed and modeled using a first‐order approximation. The 

minimum rise time for a given current waveform and the 
voltage limitations are analytically formulated. The proposed 
technique is validated with both current measurements and 
MRI experiments using 9‐channel Z‐gradient coil array and 
9 low‐cost home‐built gradient amplifiers.
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SUPPORTING INFORMATION

Additional supporting information may be found online in 
the Supporting Information section at the end of the article.

FIGURE S1 Impedance matrices are shown for (blue) the pro-
posed circuit model for the gradient array coils without filters 
assuming frequency independent circuit elements and (red) 
measured self and mutual impedances using impedance meter 
measurements as a function of frequency. Both (A) magnitude 
and (B) phase of the impedance matrices are shown
FIGURE S2 Coronal MRI images of a cylindrical phan-
tom and an orange with 1 and 4 averages. (row 1) The sys-
tem Z‐gradient and (row 2) gradient array system is used as 
the readout gradient for comparison. Figure 10 of the main 
text is reproduced with different color map to highlight the 
background artifacts. Exact source of the artifact has not 
been identified. Possible reasons for the artifacts include 
mechanical vibrations of the setup and/or some amplifier 
imperfections
TABLE S1 List of the resistor and capacitor values in 
Figure 2 are shown. The model of D1 is 1N4148 (Vishay 
Intertechnology Inc., Pennsylvania, USA). The model of Z1 is 
BZX85C15 (Vishay Intertechnology Inc., Pennsylvania, USA)
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