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A B S T R A C T

Accurate localization can be performed in visible light systems in non-line-of-sight (NLOS) scenarios by
utilizing intelligent reflecting surfaces (IRSs), which are commonly in the form of mirror arrays with adjustable
orientations. When signals transmitted from light emitting diodes (LEDs) are reflected from IRSs and collected
by a receiver, the position of the receiver can be estimated based on power measurements by utilizing the
known parameters of the LEDs and IRSs. Since the orientation vectors of IRS elements (mirrors) cannot be
adjusted perfectly in practice, it is important to evaluate the effects of mismatches between desired and true
orientations of IRS elements. In this study, we derive the misspecified Cramér–Rao lower bound (MCRB)
and the mismatched maximum likelihood (MML) estimator for specifying the estimation performance and
the lower bound in the presence of mismatches in IRS orientations. We also provide comparisons with
the conventional maximum likelihood (ML) estimator and the CRB in absence of orientation mismatches
for quantifying the effects of mismatches. It is shown that orientation mismatches can result in significant
degradation in localization accuracy at high signal-to-noise ratios.
1. Introduction

In recent research studies, visible light positioning (VLP) systems
have attracted significant attention due to their cost-effectiveness and
high accuracy compared to radio frequency (RF)-based positioning
systems [1–3]. By utilizing the widespread availability of light-emitting
diodes (LEDs) as indoor lighting sources, these systems offer minimal
deployment costs. VLP systems are particularly suitable for indoor
applications that require high localization accuracy such as naviga-
tional services for both humans and robots, and asset tracking [4–10].
In the literature, numerous position estimation algorithms have been
developed, and comprehensive analyses of theoretical accuracy limits
for VLP systems have been performed. The received signal strength
(RSS) parameter is widely utilized in VLP systems due to its cost-
effective hardware implementation and high accuracy [2]. In [11],
the Cramér–Rao bound (CRB) is derived as the theoretical accuracy
limit of RSS based VLP systems. Also, in [12], the authors derived
closed-form CRB expressions for the location and orientation of a visible
light communication (VLC) receiver, taking into account the effects of
non-line-of-sight (NLOS) propagation on VLP performance.

More recently, the emergence of intelligent reflecting surface (IRS),
also referred to as reconfigurable intelligent surface (RIS), has drawn
significant attention due to its considerable advantages in widening
wireless network coverage (specifically for RF systems), enhancing
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wireless communication rates, and reducing deployment and energy
costs [13,14]. An IRS is a planar surface made up of numerous low-
cost reflecting elements, each capable of independently altering the
amplitude and/or phase of an incident signal [15]. In [16], the au-
thors propose an IRS-based method to improve spectrum and energy
efficiency while reducing the implementation cost of wireless commu-
nication systems. Also, the authors of [17] investigate the joint design
of the beamformer at the transmitter and the IRS phase shifts for an
IRS-assisted wireless communication system, and demonstrate that IRSs
hold significant potential for creating high-speed and energy-efficient
communication networks.

There are also a number of studies in the literature that explore
IRS-assisted VLC systems. Conventionally, communication performance
of VLC systems heavily depends on the presence of line-of-sight (LoS)
paths. IRS, capable of re-configuring the wireless propagation channel,
mitigates the LoS requirement in VLC systems. In [18], two intelligent
reflection systems using programmable metasurfaces and mirrors to
concentrate incident light onto the VLC receiver are proposed, and the
detector plane irradiance expressions for both systems to evaluate their
aiming and focusing performance are derived. The authors in [19] in-
vestigate a VLC system incorporating an IRS mirror array to address LoS
blockage issues caused by the random orientation of the user device,
self-blockage, and external obstructions. In [20], the authors employ
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optical IRSs to relax the LoS constraint in vehicle-to-vehicle (V2V) VLC
ystems and derive a closed-form expression for the number of IRS

elements needed to achieve a desired energy or spectral efficiency. The
uthors in [21] derive an IRS-aided parallel multiple-input-multiple-
utput (MIMO) VLC channel model and demonstrate that incorporating
RS into such a system significantly enhances its asymptotic capacity.
lso, in [22], the authors derive asymptotic capacity expressions for op-

ical IRS-assisted MIMO VLC under various emission power constraints
in the high-SNR regime and propose two algorithms to maximize these
capacities by jointly optimizing the alignment of optical IRS elements
and the transmitted power. In [23], the authors investigate a down-
link energy efficiency maximization problem in an IRS-VLC system by
ormulating a resource allocation problem based on achievable system

sum rate versus total power consumption, under user data and transmit
power constraints.

While a significant amount of research is focused on IRS-assisted
RF communications, there are also a number of studies in the lit-
rature that examine the utilization of IRSs in RF-based positioning
ystems [24–28]. In [25], the authors investigate the utilization of IRSs

for user positioning and introduce an angle-domain method to acquire
angle of arrival (AoA) data for the direct path between users and IRSs,
subsequently employing AoA positioning at the access point (AP) for
user localization. In [27], the authors investigate the target localization
roblem utilizing semi-passive IRS and apply the MUSIC algorithm to
stimate the target direction. Also, in [26], a maximum likelihood (ML)-
ased localization method utilizing multiple single-receive RF IRSs,

which employs beamspace orthogonal matching pursuit (OMP) for AoA
estimation and least squares line intersection is presented. In [24],
the authors investigate a downlink positioning problem aided by IRSs,
analyze it through Fisher information and propose a two-step scheme
to optimize IRSs to improve positioning performance. Additionally,
in [28], an IRS-aided multi-user positioning protocol is proposed, and
he optimization problem for positioning is formulated and solved using
 configuration optimization algorithm.

To the best of our knowledge, there exist only two studies in the
iterature on IRS-assisted visible light positioning (VLP) [29,30]. The
uthors in [29] propose an algorithm based on sparse Bayesian learning
or solving the localization problem in IRS-assisted indoor VLP, deriving

the Fisher information matrix, position estimation bound (PEB), and
MSE expressions for NLOS scenarios. In [30], the authors formulate

an RSS-based position estimation problem in a VLP system utilizing
IRSs. An ML estimator is derived utilizing signals from both the LoS and
IRS elements, along with the corresponding CRB, and an algorithm is
proposed to optimally adjust the IRS elements to maximize the received
ower. However, this study assumes a perfect alignment between the

desired orientations of IRS elements and their actual orientations, an
ideal scenario rarely achieved in practical settings due to inaccuracies
in gyroscope readings and noise.

In this paper, we investigate the problem of IRS-assisted VLP, par-
icularly focusing on a scenario where there is a mismatch between
he actual orientations of the IRS elements and the desired orientations
ssumed by the VLC receiver. To this aim, we employ a misspecified
ramér–Rao bound (MCRB) analysis [31] to quantify the deterioration

n positioning performance due to the mismatch between the true orien-
tations of the IRS elements and the assumed orientations at the receiver.
Although the MCRB is a well-established tool, this study represents its
first application in the context of IRS-aided VLP to assess the impact of
orientation mismatches. The main contributions and novel aspects of
this study can be summarized as follows:

• The problem of IRS-assisted VLP under mismatched orientations
is formulated for the first time in the literature.

• A mismatched maximum likelihood (MML) estimator is derived
and the corresponding MCRB and lower bound (LB) expressions
are obtained, serving as benchmarks for evaluating localization
performance.
2 
• A comparative analysis is performed between the MML estimator
and the maximum likelihood (ML) estimator (and also between
the MCRB and the CRB) to reveal the effects of orientation
mismatches on localization performance.

The remainder of the paper is organized as follows: Section 2
describes the VLP system and the signal and channel models. Section 3
focuses on the theoretical results by deriving the MML estimator and
the MCRB in the presence of orientation mismatches. The comparative
numerical results are provided in Section 4 by presenting the estimators
and the bounds in the presence and absence of orientation mismatches.
inally, concluding remarks are made in Section 5.

2. System model

Consider a VLP system with 𝑁L LED transmitters at known locations
denoted by 𝒍𝑖 ∈ R3 for 𝑖 ∈ {1,… , 𝑁L} and a VLC receiver at an
unknown location 𝒙 ∈ R3. The orientation vectors of the 𝑖th LED
ransmitter and the VLC receiver are denoted by 𝒏𝒊 ∈ R3 and 𝒏R ∈ R3,

respectively. Also, there is an IRS with 𝑁I flat surfaces (small mirrors),
with surface areas denoted by 𝑆1,… , 𝑆𝑁I

having orientation vectors
𝒏̃1,… , 𝒏̃𝑁I

and locations 𝒍̃1,… , 𝒍̃𝑁I
. It is assumed that each IRS element

causes glossy reflections (Phong’s model) [18,32] with the reflectance
oefficient remaining constant across each element, where 𝜌𝑘 denotes
he reflectance coefficient for the 𝑘th IRS element. It is assumed that
oth 𝜌𝑘’s and 𝑆𝑘’s are assumed to be known for 𝑘 ∈ {1, 2,… , 𝑁I} [30].

The VLC receiver aims to determine its own position using signals
received from the LED transmitters. To this aim, it gathers power mea-
surement from the LED transmitters. The power measurement received
by the VLC receiver due to the signal emitted by the 𝑖th LED transmitter
is expressed as [30]

𝑃RX,𝑖 = 𝑃TX,𝑖𝐻
LOS
𝑖 (𝒙) + 𝑃TX,𝑖

𝑁I
∑

𝑘=1
∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘) + 𝜂𝑖 (1)

for 𝑖 = 1,… , 𝑁L, where 𝑃RX,𝑖 is the received power at the VLC receiver
due to the signal from the 𝑖th LED transmitter, 𝑃TX,𝑖 is the transmit
ower of the 𝑖th LED transmitter, 𝐻LOS

𝑖 (𝒙) denotes the line-of-sight
LOS) channel coefficient between the 𝑖th LED transmitter and the VLC
eceiver, 𝑑 𝐻 r ef

𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘) denotes the reflected channel coefficient of the
ath between the 𝑖th LED transmitter and the VLC receiver, which

makes a single reflection from an infinitesimally small area around 𝒍̃𝑘 at
the 𝑘th IRS element, and 𝜂𝑖 is zero-mean Gaussian noise with a variance
f 𝜎2𝑖 , which is independent of 𝜂𝑗 for all 𝑗 ≠ 𝑖. As indicated in (1),
t is presumed that the signals emitted by different LED transmitters
ndergo separate processing, and their individual power levels are
easured at the VLC receiver. This assumption relies on employing
 specific form of multiple access protocol, such as time-division or
requency-division multiple access [33].

The LOS channel gain in (1) can be calculated as

𝐻LOS
𝑖 (𝒙) = (m𝑖 + 1)𝐴R

[

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 (𝒍𝑖 − 𝒙)𝑇 𝒏R

2𝜋‖‖
‖

𝒙 − 𝒍𝑖
‖

‖

‖

m𝑖+3
(2)

and the reflected channel gain in (1) can be expressed as follows [30]:

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘) =

(m𝑖 + 1) [(𝒍̃𝑘 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 ((𝒍𝑖 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)

4𝜋2‖
‖

‖

𝒍𝑖 − 𝒍̃𝑘
‖

‖

‖

m𝑖+3
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

× (𝐴R𝜌𝑘((𝒍̃𝑘 − 𝒙)𝑇 𝒏R))𝑑 𝑆𝑘

×
⎛

⎜

⎜

⎝

2𝑟𝑘
(𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

+ (1 − 𝑟𝑘)(𝜇𝑘 + 1) cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘
⎞

⎟

⎟

⎠

,

(3)

where m𝑖 is the Lambertian order for the 𝑖th LED transmitter, 𝐴R is the
area of the PD at the VLC receiver, 𝛼𝑖𝑘 and 𝛽𝑖𝑘 denote, respectively, the
incidence angle for the direct path between the 𝑖th LED transmitter and
the reflective point 𝒍̃ at the 𝑘th reflecting surface, and the irradiance
𝑘
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angle for the direct path between the reflective point 𝒍̃𝑘 at the 𝑘th
reflecting surface and the VLC receiver, 𝜇𝑘 represents the directivity of
reflection, and 𝑟𝑘 ∈ [0, 1] denotes the proportion of diffuse component
by the IRS. We define the total channel gain due to the LOS component
and the reflections from the 𝑁I IRS elements from the 𝑖th LED to the
VLC receiver as

ℎ𝑖(𝒙, 𝒏̃𝑘) ≜ 𝐻LOS
𝑖 (𝒙) +

𝑁I
∑

𝑘=1
∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘). (4)

In practical implementations, the orientation vectors of the IRS
lements cannot be adjusted perfectly and deviate from the true (de-
ired) orientations due to device imperfections and noise (inaccuracy)
n gyroscope readings. Consequently, our objective is to investigate the
ffects of these mismatched orientation vectors of IRS elements on the
ccuracy of visible light positioning based on power measurements.

Remark 1. Non-IRS surfaces in optical settings typically produce dif-
use reflections, resulting in scattered, incoherent light paths. On the
ther hand, IRS can also generate specular reflections, enabling more
recise and efficient light transmission. This property enhances signal
uality and power measurements, offering a notable advantage for VLP
pplications, particularly in complex environments where traditional
eflections might not allow for accurate localization. In [19], the per-

formance of a VLC system was assessed by comparing the data rate and
utage probability when using an IRS (mirror) and a wall surface for
eflections. Simulation results indicate that incorporating an IRS in an
ndoor VLC system improves both the data rate and outage probability,
enoting a significant increase in the SNR of the received signal.

3. Estimation under mismatched orientations: MML and MCRB

Let 𝒏̃𝑚𝑘 for 𝑘 = 1,… , 𝑁I denote the mismatched orientation vectors
f the IRS elements and let 𝒏̃𝑘 for 𝑘 = 1,… , 𝑁I represent the true

orientation vectors. In particular, the visible light system aims to set
he orientations vectors of the IRS elements to 𝒏̃𝑚𝑘 for 𝑘 = 1,… , 𝑁I.
owever, due to imperfections, their actual values become 𝒏̃𝑘 for 𝑘 =
,… , 𝑁I, which are unknown to the visible light system. Since the
LC receiver only has the knowledge of the mismatched orientations
ectors (does not know the true orientation vectors) in this setting, the
ikelihood function for the position of the VLC receiver is expressed,
ased on (1), as

𝑝̃(𝑷 RX ∣ 𝒙)

=

⎛

⎜

⎜

⎜

⎝

𝑁L
∏

𝑖=1

1
√

2𝜋 𝜎2𝑖

⎞

⎟

⎟

⎟

⎠

𝑒
−
∑𝑁L

𝑖=1

(

𝑃RX,𝑖−𝑃TX,𝑖𝐻
LOS
𝑖 (𝒙)−𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻r ef
𝑖,𝑘 (𝒙,𝒍̃𝑘,𝒏̃

𝑚
𝑘 )

)2

2𝜎2𝑖 (5)

where 𝑷 RX represents a vector consisting of the power measurements;
i.e., 𝑷 RX = [𝑃RX,1 ⋯𝑃RX,𝑁L

]𝑇 . The expression in (5) can be referred
o as the misspecified parametric PDF for 𝒙, given that the reflected
ower measurements are inaccurately specified due the mismatched
rientations [34].

For the purpose of comparison, we also define the true model,
incorporating the true orientation vectors of the IRS elements, 𝒏̃𝑘 for
𝑘 = 1,… , 𝑁I. Hence, the true PDF can be formulated as follows:

𝑝(𝑷 RX) =
⎛

⎜

⎜

⎜

⎝

𝑁L
∏

𝑖=1

1
√

2𝜋 𝜎2𝑖

⎞

⎟

⎟

⎟

⎠

𝑒
−
∑𝑁L

𝑖=1

(

𝑃RX,𝑖−𝑃TX,𝑖𝐻
LOS
𝑖 (𝒙̄)−𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻r ef
𝑖,𝑘 (𝒙̄,𝒍̃𝑘,𝒏̃𝑘 )

)2

2𝜎2𝑖

(6)

where 𝒙̄ represents the true position vector of the VLC receiver.
3 
3.1. MML estimator

Given the misspecified parametric PDF in (5), MML estimator,
defined as the parameter that maximizes this PDF, can be expressed
as [31,34]:

𝒙̂MML(𝑷 RX) = arg max
𝒙∈

𝑝̃(𝑷 RX ∣ 𝒙) (7)

where  represents the set of possible positions for the VLC receiver.
Based on (5) and (7), the MML estimator derived from the received
signal power measurements 𝑷 RX in (1) is given by

𝒙̂MML(𝑷 RX)

= arg min
𝒙∈

𝑁L
∑

𝑖=1

(

𝑃RX,𝑖 − 𝑃TX,𝑖𝐻LOS
𝑖 (𝒙) − 𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘 𝒏̃𝑘)

)2

𝜎2𝑖
⋅

(8)

Under appropriate regularity conditions, it is established that the MML
estimator, 𝒙̂MML(𝑷 RX), is asymptotically unbiased, and its error covari-
ance matrix equals the MCRB(𝒙0), which is derived in the subsequent
section [31].

3.2. MCRB

To obtain the theoretical limit on the accuracy of position estima-
ion using the MML estimator, we first define the pseudo-true param-
ter [31], which is the parameter that minimizes the Kullback–Leibler

(KL) divergence between the misspecified parametric PDF 𝑝̃(𝑷 RX ∣ 𝒙) in
(5) and the true PDF 𝑝(𝑷 RX) in (6). Namely, the pseudo-true parameter
is given by

𝒙0 = arg min
𝒙∈R3

𝐷(𝑝(𝑷 RX) ∥ 𝑝̃(𝑷 RX ∣ 𝒙)) (9)

where 𝐷(𝑝(𝑷 RX) ∥ 𝑝̃(𝑷 RX ∣ 𝒙)) represents the KL divergence between
the PDFs 𝑝(𝑷 RX) and 𝑝̃(𝑷 RX ∣ 𝒙). The objective function in (9) can be
expressed based on the definition of the KL divergence as follows:

𝐷(𝑝(𝑷 RX) ∥ 𝑝̃(𝑷 RX ∣ 𝒙)) = ∫ log
(

𝑝(𝑷 RX)
𝑝̃(𝑷 RX ∣ 𝒙)

)

𝑝(𝑷 RX)𝑑𝑷 RX

= E𝑝

{

log
(

𝑝(𝑷 RX)
𝑝̃(𝑷 RX ∣ 𝒙)

)}

⋅ (10)

We let 𝒙̂(𝑷 RX) represent a misspecified-unbiased (MS-unbiased)
stimator of the true position, 𝒙̄. That is, the expected value of the
stimator 𝒙̂(𝑷 RX) under the true model is equal to 𝒙0 [35]. The MCRB is
 lower bound on the covariance matrix of any MS-unbiased estimator
̂ (𝑷 RX) of 𝒙̄ and is expressed as [31,36]:

E𝑝
{

(𝒙̂(𝑷 RX) − 𝒙0)(𝒙̂(𝑷 RX) − 𝒙0)𝑇
}

⪰ MCRB(𝒙0) (11)

where E𝑝{⋅} represents the expectation under the true model 𝑝(𝑷 RX) in
(6), and

MCRB(𝒙0) ≜ 𝐀−1
𝒙0
𝐁𝒙0𝐀

−1
𝒙0
. (12)

The elements corresponding to the (𝑚, 𝑛)th entries of matrices 𝐀𝒙0
and 𝐁𝒙0 in (12) are computed as follows:
[

𝐀𝒙0
]

𝑚𝑛 = E𝑝

{

𝜕2 log 𝑝̃(𝑷 RX ∣ 𝒙)
𝜕𝒙(𝑚)𝜕𝒙(𝑛)

|

|

|

|𝒙=𝒙0

}

, (13)

[

𝐁𝒙0
]

𝑚𝑛 = E𝑝

{

𝜕 log 𝑝̃(𝑷 RX ∣ 𝒙)
𝜕𝒙(𝑚)

𝜕 log 𝑝̃(𝑷 RX ∣ 𝒙)
𝜕𝒙(𝑛)

|

|

|

|𝒙=𝒙0

}

(14)

for 1 ≤ 𝑚, 𝑛 ≤ 3, where 𝒙(𝑛) represents the 𝑛th element of 𝒙. Given that
he value of the pseudo-true parameter typically is not of interest, the
CRB is utilized to establish a lower bound (LB) for any MS-unbiased

stimator with respect to the true parameter value [31]. Specifically,
the error covariance matrix for any MS-unbiased estimator 𝒙̂(𝑷 RX) is
lower bounded as follows [34]:

{ 𝑇 }
E𝑝 (𝒙̂(𝑷 RX) − 𝒙̄)(𝒙̂(𝑷 RX) − 𝒙̄) ⪰ LB(𝒙0) (15)
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where

LB(𝒙0) ≜ MCRB(𝒙0) + (𝒙̄ − 𝒙0)(𝒙̄ − 𝒙0)𝑇 . (16)

The last term in (16) represents a bias component that is independent
of the SNR. Consequently, as the SNR goes to infinity, the MCRB tends
toward zero, and the bias component closely approaches the error
covariance matrix of the MS-unbiased estimator.

To obtain the MCRB, and consequently the LB in (16), the following
derivations are carried out.

3.2.1. Derivation of the pseudo-true parameter
We first obtain the pseudo-true parameter 𝒙0, as defined in (9), as

it is essential for computing the MCRB associated with estimating the
position of the VLC receiver in the presence of mismatched orientations.
This involves finding the value of 𝒙 that minimizes the KL divergence
between the PDFs 𝑝̃(𝑷 RX ∣ 𝒙) in (5) and 𝑝(𝑷 RX) in (6). Utilizing Eqs. (5)
and (6), the expression in (10) can be computed as follows:

𝐷(𝑝(𝑷 RX) ∥ 𝑝̃(𝑷 RX ∣ 𝒙))

= E𝑝

{

−
𝑁L
∑

𝑖=1

(

𝑃RX,𝑖 − 𝑃TX,𝑖𝐻LOS
𝑖 (𝒙̄) − 𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙̄, 𝒍̃𝑘, 𝒏̃𝑘)

)2

2𝜎2𝑖

+
𝑁L
∑

𝑖=1

(

𝑃RX,𝑖 − 𝑃TX,𝑖𝐻LOS
𝑖 (𝒙) − 𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘 𝒏̃

𝑚
𝑘 )
)2

2𝜎2𝑖

}

=
𝑁L
∑

𝑖=1

(E𝑝(𝑃RX,𝑖) − E𝑝̃(𝑃RX,𝑖))2

2𝜎2𝑖
(17)

where E𝑝(𝑃RX,𝑖) = 𝑃TX,𝑖𝐻LOS
𝑖 (𝒙̄) + 𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙̄, 𝒍̃𝑘, 𝒏̃𝑘) and

E𝑝̃(𝑃RX,𝑖) = 𝑃TX,𝑖𝐻LOS
𝑖 (𝒙) + 𝑃TX,𝑖

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘 𝒏̃

𝑚
𝑘 ). Based on (10)

and (17), we can find the value of 𝒙 that minimizes the Kullback–
Leibler (KL) divergence as

𝒙0 = arg min
𝒙∈R3

𝑁L
∑

𝑖=1

(E𝑝(𝑃RX,𝑖) − E𝑝̃(𝑃RX,𝑖))2

𝜎2𝑖
⋅ (18)

3.2.2. MCRB derivation
After obtaining the pseudo-true parameter, the matrices 𝐀𝒙0 in

(13) and 𝐁𝒙0 in (14) are computed to calculate the MCRB outlined in
(12). The second-order derivatives in (13) can be obtained from (5) as
follows:

𝜕2 log 𝑝̃(𝑷 RX ∣ 𝒙)
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

=
𝑁L
∑

𝑖=1

(𝑃RX,𝑖 𝑃TX,𝑖)

𝜎2𝑖

𝜕2ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)𝜕𝒙(𝑛)

−
𝑁L
∑

𝑖=1

(𝑃TX,𝑖)2

𝜎2𝑖

𝜕 ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑚)

𝜕 ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)

−
𝑁L
∑

𝑖=1

(𝑃TX,𝑖)2

𝜎2𝑖
ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 )

𝜕2ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

(19)

where ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 ) = 𝐻LOS
𝑖 (𝒙) + ∑𝑁I

𝑘=1 ∫𝑆𝑘
𝑑 𝐻 r ef

𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃
𝑚
𝑘 ). Then, by evalu-

ating (19) at 𝒙 = 𝒙0, the elements of matrix 𝐀𝒙0 in (13) can be derived
as
[

𝐀𝒙0
]

𝑚𝑛 =
𝑁L
∑

𝑖=1

E𝑝{𝑃RX,𝑖}𝑃TX,𝑖

𝜎2𝑖

𝜕2ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

−
𝑁L
∑

𝑖=1

(𝑃TX,𝑖 )2

𝜎2𝑖

𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑚)

𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)

−
𝑁L
∑

𝑖=1

(𝑃TX,𝑖 )2

𝜎2𝑖
ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )

𝜕2ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

⋅ (20)

The first-order derivatives in (14) can be obtained from (5) as
follows:

𝜕 log 𝑝̃(𝑷 RX ∣ 𝒙)
=

𝑁L
∑ 𝑃TX,𝑖(𝑃RX,𝑖 − 𝑃TX,𝑖ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 ))

2

𝜕 ℎ𝑖(𝒙, 𝒏̃𝑚𝑘 ) ⋅ (21)

𝜕𝒙(𝑚) 𝑖=1 𝜎𝑖 𝜕𝒙(𝑚)

4 
Fig. 1. A depiction of the IRS elements on the walls of the room.

Also, the elements of matrix 𝐁𝒙0 in (14) are obtained utilizing (21) as
follows:
[

𝐁𝒙0
]

𝑚𝑛 = E𝑝

{ 𝑁L
∑

𝑖=1
𝑃TX,𝑖

(𝑃RX,𝑖 − 𝑃TX,𝑖 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 ))

𝜎2𝑖

𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑚)

×
𝑁L
∑

𝑗=1
𝑃TX,𝑗

(𝑃RX,𝑗 − 𝑃TX,𝑗 ℎ𝑗 (𝒙0, 𝒏̃𝑚𝑘 ))

𝜎2𝑗

𝜕 ℎ𝑗 (𝒙0, 𝒏̃𝑚𝑘 )
𝜕𝒙(𝑛)

}

(22)

=
𝑁L
∑

𝑖=1

(

𝑃TX,𝑖

𝜎2𝑖

)2

E𝑝{(𝑃RX,𝑖 − 𝑃TX,𝑖 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 ))
2}

×
𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )

𝜕𝒙(𝑚)
𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )

𝜕𝒙(𝑛)

+
𝑁L
∑

𝑖=1

𝑁L
∑

𝑗=1,𝑗≠𝑖

𝑃TX,𝑖 𝑃TX,𝑗

𝜎2𝑖 𝜎
2
𝑗

(𝑃TX,𝑖 ℎ𝑖(𝒙̄, 𝒏̃𝑘) − 𝑃TX,𝑖 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 ))

× (𝑃TX,𝑗ℎ𝑗 (𝒙̄, 𝒏̃𝑘) − 𝑃TX,𝑗 ℎ𝑗 (𝒙0, 𝒏̃𝑚𝑘 ))
𝜕 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 )

𝜕𝒙(𝑚)
𝜕 ℎ𝑗 (𝒙0, 𝒏̃𝑚𝑘 )

𝜕𝒙(𝑛)
(23)

where E𝑝{(𝑃RX,𝑖 − 𝑃TX,𝑖 ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 ))
2} = 𝜎2𝑖 + (𝑃TX,𝑖 ℎ𝑖(𝒙̄, 𝒏̃𝑚𝑘 ) − 𝑃TX,𝑖

ℎ𝑖(𝒙0, 𝒏̃𝑚𝑘 ))
2.

The first and second order derivatives of the channel coefficient
ℎ𝑖(⋅), as indicated in (20) and (23), can be explicitly obtained with
respect to the system parameters, as detailed in Appendix.

Remark 2. Based on the derived MCRB and LB expressions, we can
evaluate the impact of mismatched orientations of IRS elements; namely
the effects of imperfections in IRS orientation adjustment. For compari-
son purposes, we can examine the maximum likelihood (ML) estimator
and the corresponding Cramér–Rao bound (CRB), as derived without
orientation mismatches in [30, Sec. II]. Since the theoretical limits are
achieved by the MML and ML estimators at high SNRs, they serve as
benchmarks for assessing localization performance and for designing
system parameters under high SNR conditions.

4. Numerical results

In this section, we conduct simulations to investigate the effects
of mismatched orientations of IRS elements on localization accuracy
by evaluating the proposed estimator and the theoretical bound. As
in [30], we consider a room with dimensions of 4 × 4 × 3 meters (width,
depth, and height, respectively) and 4 LEDs (𝑁L = 4) placed at the
following coordinates in meters: (−1, 1, 3), (1, 1, 3), (1,−1, 3), (−1,−1, 3).
These LED positions are selected to ensure a symmetrical coverage of
the room, with the center of the room floor being represented by the
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Fig. 2. Performance of the MML estimator versus k for 𝜎2 ∈ {10−15 , 10−16 , 10−17} in
NLOS scenario when the VLC receiver is positioned at (0.5, 0.5, 0.85) meters.

coordinates (0, 0, 0). The orientations of the LEDs are defined as 𝒏𝒊 =
0, 0,−1]𝑇 for 𝑖 = 1,… , 𝑁L, indicating that they all point downwards.
he transmit powers of the LEDs, 𝑃TX,𝑖, are all set to 5W and the area
f the PD is taken as 𝐴R = 1 cm2. The orientation vector of the receiver
s defined as 𝒏R = [0, 0, 1]𝑇 , indicating that it points upwards. Also, the
ambertian orders of the LEDs are assumed to be the same, i.e., m𝑖 = m,

and are set as m = 1. Furthermore, we assume that the noise variances
are equal, denoted as 𝜎2𝑖 = 𝜎2 for all 𝑖 (see (1)).1 As depicted in Fig. 1,
each of the four walls has 𝑁I∕4 IRS units arranged in a √

𝑁I∕4 ×
√

𝑁I∕4
grid. In the simulations, 𝑁I is set to 1764, resulting in 21 × 21 IRS
elements per wall [30]. Each IRS element has a rectangular shape with
a width 𝑤𝑢 of 4 cm and a height ℎ𝑢 of 2 cm, giving each IRS element an
area 𝑆𝑘 of 8 cm2. The IRS units are spaced 𝑤𝑑 = 2 cm apart horizontally
and ℎ𝑢 = 1 cm apart vertically to prevent inter-element blockage, as
detailed in Fig. 3 of [30]. The IRS units are positioned to center both
orizontally and vertically on the wall, aligning the center of the two-
imensional IRS array with the center of the wall. In the simulations,
he fraction of diffuse component, 𝑟𝑘, is set to 0 and the directivity

of reflection, 𝜇𝑘, is set to 5, and the reflectance coefficient of the IRS
elements is set to 𝜌𝑘 = 0.95 ∀𝑘. In addition, the mismatched orientations
(the imperfect orientation information at the VLC receiver) are set for
all 𝑘’s as 𝒏̃𝑚𝑘 = [1 0 0]𝑇 (𝜃1 = 𝜋∕2, 𝜙1 = 0), 𝒏̃𝑚𝑘 = [−1 0 0]𝑇 (𝜃2 = 𝜋∕2, 𝜙2 =
𝜋), 𝒏̃𝑚𝑘 = [0 1 0]𝑇 (𝜃3 = 𝜋∕2, 𝜙3 = 𝜋∕2) and 𝒏̃𝑚𝑘 = [0 − 1 0]𝑇 (𝜃4 =
𝜋∕2, 𝜙4 = −𝜋∕2) for the IRS elements located on the wall at 𝑥 = −2,
𝑥 = 2, 𝑦 = −2, and 𝑦 = 2, respectively. On the other hand, the true
orientations are obtained as 𝒏̃𝑘 = [cos(𝜙𝑡

𝑖) sin(𝜃𝑡𝑖 ) sin(𝜙𝑡
𝑖) sin(𝜃𝑡𝑖 ) cos(𝜃𝑡𝑖 )]𝑇

with 𝜃𝑡𝑖 = 𝜃𝑖 +  (−k, k ), 𝜙𝑡
𝑖 = 𝜙𝑖 +  (−k, k ) for 𝑖 ∈ {1, 2, 3, 4},

where  (−k, k ) denotes a uniform random variable over the interval
[−k, k ]. This setting corresponds to a scenario where the visible light
system aims to set the orientation vectors of the IRS elements to be
perpendicular to the walls; however, due to imperfections, the true
orientations are not perfectly perpendicular as specified above.

To evaluate the performance of the MML estimator and to compare
t against the ML estimator that is implemented assuming perfectly
et (i.e., perpendicular) IRS orientations, the VLC receiver is placed at
= (0.5, 0.5, 0.85)m. In Fig. 2, we plot the root mean-squared error

RMSE) performance of the MML estimator and the ML estimator versus
for three different noise levels: 10−15, 10−16, and 10−17. For each k

alue, the simulation is run 500 times to calculate the RMSE. It can be
bserved that the RMSE values of the MML estimator for all noise levels
end to rise as k increases. This is due to the fact that the mismatch
etween the true IRS element orientations and the assumed orientations

1 The 𝜎2 values used in the simulations are consistent with the practical
alues reported in [11].
 t

5 
Fig. 3. RMSE performance of the MML estimator and the theoretical limits versus
10 log10(1∕𝜎2) for k ∈ {0.5, 1} in NLOS scenario when the VLC receiver is positioned at
(0.5, 0.5, 0.85) meters.

increases with k, consequently leading to degraded performance of the
MML estimator. Additionally, the MML estimator exhibits its worst

MSE performance at 𝜎2 = 10−15 compared to its performance at
𝜎2 = 10−16 and 𝜎2 = 10−17, due to the higher noise content in the
eceived power measurements. The RMSE values of the MML estimator
or all three noise levels when k = 0 coincides with the true model
s there is no mismatch between the actual and assumed orientation
ectors of the IRS elements. It is observed that as k increases, the RMSE

performance does not improve significantly with decreasing noise vari-
ance as the mismatch between the assumed and true orientations of
the IRS elements becomes the primary source of error. Moreover, it
is worth noting that the RMSE performance of the ML estimator does
not follow a monotone pattern with respect to k. The optimal IRS
orientations depend on the actual position of the VLC receiver; hence,
RMSE values of the ML estimator vary, being high for certain k values
and low for others. On average, the optimal orientations of the IRS
elements are achieved at around k = 0.5 when the VLC receiver is
located at (0.5, 0.5, 0.85)m. The RMSE values tend to rise for k values
greater or less than 0.5. This outcome is consistent with the findings
in [30], which developed an algorithm for optimally adjusting the IRS
orientations and demonstrated that IRS perpendicularity is not optimal
for the position (0.5, 0.5, 0.85). Furthermore, unlike the MML estimator,
with increasing k values, the RMSE performance of the ML estimator
improves significantly with decreasing noise levels as it is not affected
y the orientation mismatches.

In Fig. 3, we plot the RMSE performance of the MML estimator and
the theoretical bounds versus 10 log10(1∕𝜎2) for different k values of
0.5 and 1. The orientations of the IRS elements are generated using
MATLAB with a seed value of 1. It can be observed that for both values
f k, the LBs plateau at low noise variances and the MCRBs approach
ero, as anticipated. Additionally, it is worth noting that the MCRB and
B values at k = 0.5 are lower than those at k = 1. This is due the
reater mismatch of orientation vectors at k = 1 compared to k = 0.5.
t can also be observed that the RMSE of the MML estimator tends to
onverge to the LB at low noise variances for both values of k. This
ccurs because, at low noise variances, estimation errors are mainly
ttributed to orientation mismatches and remain consistent even as
oise variance decreases. However, at high noise variances, the RMSE
f the MML estimator is observed to be lower than the established
ounds. This can be attributed to the fact that the location of the VLC
eceiver is restricted to a room with dimensions 4 × 4 × 3 meters, and

he MML estimator performs search within this region. The calculations
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Fig. 4. RMSE performance of the MML estimator and the theoretical limits versus
0 log10(1∕𝜎2) for k ∈ {0.25, 1} in NLOS scenario when the VLC receiver is positioned

at (0.5, 0.5, 0.85) meters.

made within this region relying on random estimates for the position
f the VLC receiver yield an RMSE of approximately 2.1 m, closely
ligning with the estimation error of the estimators under high noise
evel conditions.

In Fig. 4, we plot the RMSE performance of the MML estimator
nd ML estimator, and their corresponding theoretical bounds versus
0 log10(1∕𝜎2) for k ∈ {0.25, 1}, with the orientations of the IRS elements
enerated using MATLAB and a seed of 1. As anticipated, the LBs
lateau at low noise variances, and the MCRBs and CRBs approach
ero for both values of k. It can also be observed that the RMSE values
f the MML estimator and ML estimator for both values of k tend to
onverge to the LB and the CRB, respectively, at low noise variances.
he RMSE values of MML estimator when k = 0.25 are lower than those
or k = 1 due to the increased orientation mismatch. However, for the
L estimator, the RMSE values are lower when k = 0.25 than when

 = 1 due to fact that the generated orientations when k = 0.25 are
loser to optimal for the VLC receiver location than when k = 1. Similar
o what has been observed in Fig. 3, at high noise variances, the RMSEs
f the MML estimator and ML estimator are observed to be lower than
heir established bounds due to the restriction on the search region for
he estimators, as previously discussed. Additionally, it can be observed
t very low noise variances that the ML estimator outperforms the MML
stimator for both values of k, as the orientation mismatches become
he primary source of error under the conditions of low noise variances.

In Figs. 5 and 6, we plot the RMSE performance of the MML
stimator and the ML estimator versus the distance of the VLC receiver
rom the room center, with the receiver moving on the straight line
rom (0, 0, 0.85) m towards (1.4, 1.4, 0.85) m, considering the three
oise variances, 𝜎2 ∈ {10−16, 10−15, 10−14}, for k = 0.25 and when k =
.5, respectively. Both figures show that the RMSE performance of the
ML estimator improves as the noise variance decreases; however, the

mprovement is not very pronounced. This is primarily due to the errors
aused by IRS orientation mismatches. In Fig. 5 (k = 0.25), it can be

observed that the RMSE of the MML estimator improves more notice-
ably at 𝜎2 = 10−15 than 𝜎2 = 10−16. This trend becomes even clearer
in Fig. 6 (k = 0.5) where the increase in IRS orientation mismatches
esults in no significant improvement in the RMSE performance when

the noise variance is reduced from 𝜎2 = 10−15 to 𝜎2 = 10−16. Also, it
can be observed in both figures that the RMSE performance of the ML
estimator improves considerably as the noise variance decreases, with
the best performance achieved at 𝜎2 = 10−16 and the worst performance
at 𝜎2 = 10−14. In both figures, similar to what is observed in Fig. 2,
6 
Fig. 5. RMSE performance of the MML estimator versus distance of the VLC receiver
o the room center when k = 0.25 and it moves on the straight line from (0, 0, 0.85)

m towards (1.4, 1.4, 0.85) m in NLOS scenario for 𝜎2 ∈ {10−16 , 10−15 , 10−14}.

Fig. 6. RMSE performance of the MML estimator versus distance of the VLC receiver
o the room center when k = 0.5 and it moves on the straight line from (0, 0, 0.85)
 towards (1.4, 1.4, 0.85) m in NLOS scenario for 𝜎2 ∈ {10−16 , 10−15 , 10−14}.

the ML estimator does not exhibits a monotonic pattern. The same IRS
rientations are employed to estimate the location of the VLC receiver
cross various positions, and because the optimal IRS orientations are
osition-dependent, the RMSE of the ML estimator is higher for some
ositions and lower for others.

In Fig. 7, we plot the RMSE performance of the MML estimator
versus 10 log10(1∕𝜎2) considering three different Lambertian orders of
the LEDs, m ∈ {5, 10, 20}. The Lambertian order quantifies the extent of
the area illuminated by the LEDs. Higher Lambertian orders imply the
LED radiation pattern is focused to a smaller area and vice versa. Since
the IRSs are on the walls and the LEDs are placed to symmetrically
cover the room pointing downwards, increasing the Lambertian order
reduces the amount of light reaching to and reflected by the IRS
elements. Therefore, the RMSE performance of both the MML and ML
estimator decreases with increasing Lambertian orders of the LEDs.

5. Concluding remarks

A position estimation problem has been formulated based on re-
ceived power measurements for an IRS-assisted VLP system with a
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Fig. 7. RMSE performance of the MML estimator versus 10 log10(1∕𝜎2) when k = 0.5
n NLOS scenario and the VLC receiver is positioned at (0.5, 0.5, 0.85) meters for
m ∈ {5, 10, 20}.

mismatch between the true and assumed orientations of IRS elements.
he MML estimator, MCRB and LB have been derived to quantify the
egradation in performance due to orientation mismatches. To assess
he performance degradation of the MML estimator arising from orien-

tation mismatches, a comparative analysis has been conducted against
the ML estimator and the CRB under the scenario of no orientation
mismatches. By comparing the MML and the LB with the ML estimator
nd the CRB, we have demonstrated the impact of orientation mis-
atches on position estimation performance. Specifically, orientation
ismatches lead to a significant performance loss at high SNRs, thus
indering the achievement of very low estimation errors.
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Appendix. First and second derivatives of channel coefficient

The first-order derivatives of the channel coefficient ℎ𝑖(𝒙, 𝒏̃𝑘) ap-
pearing in (20) and (23) with respect to the position parameter 𝒙 can
be calculated using (4) as follows:

𝜕 ℎ𝑖(𝒙, 𝒏̃𝑘)
𝜕𝒙(𝑚)

=
𝜕 𝐻LOS

𝑖 (𝒙)
𝜕𝒙(𝑚)

+

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝜕 𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘)

𝜕𝒙(𝑚)
(24)

where
𝜕 𝐻LOS

𝑖 (𝒙)
𝜕𝒙(𝑚)

=
(m𝑖 + 1)𝐴R

2𝜋

(

1
𝑣(𝒙)

𝜕 𝑢(𝒙)
𝜕𝒙(𝑛)

−
𝑢(𝒙)
𝑣2(𝒙)

𝜕 𝑣(𝒙)
𝜕𝒙(𝑛)

)

(25)

with

𝑢(𝒙) = [

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 (𝒍𝑖 − 𝒙)𝑇 𝒏R, (26)

𝑣(𝒙) = ‖

‖

‖

𝒙 − 𝒍𝑖
‖

‖

‖

m𝑖+3, (27)
𝜕 𝑢(𝒙)
𝜕𝒙(𝑛)

= m𝑖((𝒍𝑖 − 𝒙)𝑇 𝒏R)
[

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖−1 𝒏𝒊(𝑛) −

[

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 𝒏R(𝑛),
(28)

7 
𝜕 𝑣(𝒙)
𝜕𝒙(𝑛)

= (m𝑖 + 3)(𝒙(𝑛) − 𝒍𝑖(𝑛))
‖

‖

‖

𝒙 − 𝒍𝑖
‖

‖

‖

m𝑖+1, (29)

and
𝜕 𝑑 𝐻 r ef

𝑖,𝑘 (𝒙, 𝒍̃𝑘𝒏̃𝑘)

𝜕𝒙(𝑚)
=

(m𝑖 + 1) [(𝒍̃𝑘 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 ((𝒍𝑖 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)𝜌𝑘𝑑 𝑆𝑘

4𝜋2‖
‖

‖

𝒍𝑖 − 𝒍̃𝑘
‖

‖

‖

m𝑖+3

×

{

2𝑟𝑘

[

𝒏̃𝑘(𝑚)(𝒍̃𝑘 − 𝒙)𝑇 𝒏R − 𝒏R(𝑚)(𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

4

−
4(𝒙(𝑚) − 𝒍̃𝑘(𝑚))(𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘(𝒍̃𝑘 − 𝒙)𝑇 𝒏R

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

6

]

+

(1 − 𝑟𝑘)(𝜇𝑘 + 1)
[

(cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘))𝜇𝑘 ( − 𝒏R(𝑚)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−3

− 3(𝒍̃𝑘 − 𝒙)𝑇 𝒏R
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−5
(𝒙(𝑚) − 𝒍̃𝑘(𝑚)))+

𝜇𝑘 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−1
(𝒍̃𝑘 − 𝒙)𝑇 𝒏R
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)
𝜕𝒙(𝑚)

]

}

(30)

with

cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘) = cos(𝛼𝑖𝑘)
(

((𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−1
)

+ sin(𝛼𝑖𝑘)
(

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−1
)

, (31)

𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)
𝜕𝒙(𝑚)

= cos(𝛼𝑖𝑘)
(

𝒏̃𝑘(𝑚)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−1

−(𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘‖𝒙 − 𝒍̃𝑘‖−3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))
)

+ sin(𝛼𝑖𝑘)
(

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

−1
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−1
𝑔(𝑚)

−‖‖
‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−3
(𝒙(𝑚) − 𝒍̃𝑘(𝑚))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

)

, (32)

cos(𝛼𝑖𝑘) = ((𝒍𝑖 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)
‖

‖

‖

𝒍𝑖 − 𝒍̃𝑘
‖

‖

‖

−1
, (33)

sin(𝛼𝑖𝑘) = ‖

‖

‖

((𝒍𝑖 − 𝒍̃𝑘) × 𝒏̃𝑘)
‖

‖

‖

‖

‖

‖

𝒍𝑖 − 𝒍̃𝑘
‖

‖

‖

−1
, (34)

𝑔(𝑚) = 𝒏̃𝑘(𝑧(𝑚 + 1))[(𝒙(𝑚) − 𝒍̃𝑘(𝑚))𝒏̃𝑘(𝑧(𝑚 + 1))
− (𝒙(𝑧(𝑚 + 1))) − 𝒍̃𝑘(𝑧(𝑚 + 1))𝒏̃𝑘(𝑚)]

− 𝒏̃𝑘(𝑧(𝑚 + 2))[(𝒙(𝑧(𝑚 + 2)) − 𝒍̃𝑘(𝑧(𝑚 + 2)))𝒏̃𝑘(𝑚)
− (𝒙(𝑚) − 𝒍̃𝑘(𝑚))𝒏̃𝑘(𝑧(𝑚 + 2))], (35)

𝑧(𝑚) =
{

𝑚, if 𝑚 ≤ 3
𝑚 − 3, otherwise.

(36)

In addition, the second-order partial derivatives of the channel
coefficient with respect to the position parameter can be derived from
24) as follows:

𝜕2ℎ𝑖(𝒙, 𝒏̃𝑘)
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

=
𝜕2𝐻LOS

𝑖 (𝒙)
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

+

∑𝑁I
𝑘=1 ∫𝑆𝑘

𝜕2𝑑 𝐻 r ef
𝑖,𝑘 (𝒙, 𝒍̃𝑘, 𝒏̃𝑘)

𝜕𝒙(𝑛)𝜕𝒙(𝑚)
(37)

where 𝜕2𝐻LOS
𝑖 (𝒙)

𝜕𝒙(𝑛)𝜕𝒙(𝑚) is defined by
𝜕2𝐻LOS

𝑖 (𝒙)
𝜕𝒙(𝑛)𝜕𝒙(𝑚)

=
(m𝑖 + 1)𝐴R

2𝜋

(

1
𝑣(𝒙)

𝜕2𝑢(𝒙)
𝜕𝒙(𝑚)𝜕𝒙(𝑛)

− 1
𝑣2(𝒙)

𝜕 𝑣(𝒙)
𝜕𝒙(𝑚)

𝜕 𝑢(𝒙)
𝜕𝒙(𝑛)

− 1
𝑞(𝒙)

𝜕 𝑏𝑛(𝒙)
𝜕𝒙(𝑚)

+
𝑏𝑛(𝒙)
𝑞2(𝒙)

𝜕 𝑞(𝒙)
𝜕𝒙(𝑚)

)

(38)

with 𝜕2𝑢(𝒙)
𝜕𝒙(𝑚)𝜕𝒙(𝑛) , 𝑏𝑛(𝒙), 𝑞(𝒙),

𝜕 𝑏𝑛(𝒙)
𝜕𝒙(𝑚) , and 𝜕 𝑞(𝒙)

𝜕𝒙(𝑚) being given as follows:
𝜕2𝑢(𝒙)

= m (m − 1)((𝒍 − 𝒙)𝑇 𝒏 )
[

(𝒙 − 𝒍 )𝑇 𝒏
]m𝑖−2 𝒏 (𝑛)𝒏 (𝑚)
𝜕𝒙(𝑚)𝜕𝒙(𝑛) 𝑖 𝑖 𝑖 R 𝑖 𝒊 𝒊 𝒊



I. Iddrisu and S. Gezici

𝑞

(

p
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− m𝑖
[

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖−1 (𝒏𝒊(𝑛)𝒏R(𝑚) + 𝒏𝒊(𝑚)𝒏R(𝑛)) (39)

𝑏𝑛(𝒙) ≜ (m𝑖 + 3)(𝒙(𝑛) − 𝒍𝑖(𝑛))
[

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 ((𝒍𝑖 − 𝒙)𝑇 𝒏R) (40)

(𝒙) ≜ ‖

‖

‖

𝒙 − 𝒍𝑖
‖

‖

‖

m𝑖+5 (41)
𝜕 𝑏𝑛(𝒙)
𝜕𝒙(𝑚)

=

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

(m𝑖 + 3)(𝒙(𝑛) − 𝒍𝑖(𝑛))[m𝑖𝒏T(𝑚)((𝒍𝑖 − 𝒙)𝑇 𝒏R)
(

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
)m𝑖−1

−𝒏R(𝑚)
(

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
)m𝑖 ], if 𝑚 ≠ 𝑛

(m𝑖 + 3) [(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 ((𝒍𝑖 − 𝒙)𝑇 𝒏R) + (m𝑖 + 3)(𝒙(𝑚) − 𝒍𝑖(𝑚))

×
[

m𝑖𝒏T(𝑚)((𝒍𝑖 − 𝒙)𝑇 𝒏R)
(

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
)m𝑖−1 − 𝒏R(𝑚)

(

(𝒙 − 𝒍𝑖)𝑇 𝒏𝒊
)m𝑖

]

, if 𝑚 = 𝑛

(42)
𝜕 𝑞(𝒙)
𝜕𝒙(𝑚)

= (m𝑖 + 5)(𝒙(𝑚) − 𝒍𝑖(𝑚))
‖

‖

‖

𝒙 − 𝒍𝑖
‖

‖

‖

m𝑖+3. (43)

Also,
𝜕2𝑑 𝐻 r ef

𝑖,𝑘 (𝒙,𝒍̃𝑘𝒏̃𝑘)

𝜕𝒙(𝑛)𝜕𝒙(𝑚) in (37) is defined as
𝜕2𝑑 𝐻 r ef

𝑖,𝑘 (𝒙, 𝒍̃𝑘𝒏̃𝑘)

𝜕𝒙(𝑛)𝜕𝒙(𝑚)

= 𝑐
(

𝜕2𝑓1(𝒙)
𝜕𝒙(𝑛)𝒙(𝑚)

(𝑓2(𝒙) + 𝑓3(𝒙)) +
𝜕 𝑓1(𝒙)
𝜕𝒙(𝑚)

(
𝜕 𝑓2(𝒙)
𝜕𝒙(𝑛)

+
𝜕 𝑓3(𝒙)
𝜕𝒙(𝑛)

)

+
𝜕 𝑓1(𝒙)
𝜕𝒙(𝑛)

(
𝜕 𝑓2(𝒙)
𝜕𝒙(𝑚)

+
𝜕 𝑓3(𝒙)
𝜕𝒙(𝑚)

) + 𝑓1(𝒙)(
𝜕2𝑓2(𝒙)

𝜕𝒙(𝑛)𝒙(𝑚)
+

𝜕2𝑓3(𝒙)
𝜕𝒙(𝑛)𝒙(𝑚)

)
)

(44)

with 𝑐, 𝑓1(𝒙), 𝑓2(𝒙), and 𝑓3(𝒙) being expressed as

𝑐 =
(m𝑖 + 1)𝐴R𝜌𝑘𝑑 𝑆𝑘

[

(𝒍̃𝑘 − 𝒍𝑖)𝑇 𝒏𝒊
]m𝑖 ((𝒍𝑖 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)

4𝜋2‖
‖

‖

𝒍𝑖 − 𝒍̃𝑘
‖

‖

‖

m𝑖+3
, (45)

𝑓1(𝒙) =
((𝒍̃𝑘 − 𝒙)𝑇 𝒏R)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3
, (46)

𝑓2(𝒙) = 2𝑟𝑘
(𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

, (47)

𝑓3(𝒙) = (1 − 𝑟𝑘)(𝜇𝑘 + 1) cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘 . (48)

The first-order partial derivatives of 𝑓1(𝒙), 𝑓2(𝒙), and 𝑓3(𝒙) in (46)–
(48) with respect to 𝒙 are obtained as follows:
𝜕 𝑓1(𝒙)
𝜕𝒙(𝑚)

=
−𝒏R(𝑚)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3
−

3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))((𝒍̃𝑘 − 𝒙)𝑇 𝒏R)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5
, (49)

𝜕 𝑓2(𝒙)
𝜕𝒙(𝑚)

= 2𝑟𝑘
(

𝒏̃𝑘(𝑚)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
(𝒙(𝑚) − 𝒍̃𝑘(𝑚))((𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

)

, (50)

𝜕 𝑓3(𝒙)
𝜕𝒙(𝑚)

= 𝜇𝑘(1 − 𝑟𝑘)(𝜇𝑘 + 1) cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−1
𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)

𝜕𝒙(𝑚)
. (51)

Moreover, the second-order derivatives of 𝑓1(𝒙), 𝑓2(𝒙), and 𝑓3(𝒙) in
46)–(48) with respect to 𝒙 are also obtained as follows:
𝜕2𝑓1(𝒙)

𝜕𝒙(𝑛)𝒙(𝑚)
=

3𝒏R(𝑚)(𝒙(𝑛) − 𝒍̃𝑘(𝑛))
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5
+ 3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))

[

𝒏R(𝑛)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5

+
5(𝒙(𝑛) − 𝒍̃𝑘(𝑛))((𝒍̃𝑘 − 𝒙)𝑇 𝒏R)

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

7

]

, (52)

𝜕2𝑓2(𝒙)
𝜕𝒙(𝑛)𝒙(𝑚)

= −2𝑟𝑘
(

𝒏̃𝑘(𝑚)(𝒙(𝑛) − 𝒍̃𝑘(𝑛)) + (𝒙(𝑚) − 𝒍̃𝑘(𝑚))𝒏̃𝑘(𝑛)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3
(53)

−
3(𝒙(𝑛) − 𝒍̃𝑘(𝑛))(𝒙(𝑚) − 𝒍̃𝑘(𝑚))((𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5

)

, (54)

𝜕2𝑓3(𝒙)
𝜕𝒙(𝑛)𝒙(𝑚)

= 𝜇𝑘(1 − 𝑟𝑘)(𝜇𝑘 + 1)
(

(𝜇𝑘 − 1) cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−2

×
𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘) 𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)
𝜕𝒙(𝑚) 𝜕𝒙(𝑛)

8 
+ cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−1
𝜕2 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)

𝜕𝒙(𝑛)𝒙(𝑚)

)

, (55)

with

𝜕2 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)
𝜕𝒙(𝑛)𝒙(𝑚)

=
cos(𝛼𝑖𝑘)
2𝑟𝑘

𝜕2𝑓2(𝒙)
𝜕𝒙(𝑛)𝒙(𝑚)

+ sin(𝛼𝑖𝑘) ×
{

𝐴 if 𝑛 = 𝑧(𝑚 + 1)
𝐵 if 𝑛 = 𝑧(𝑚 + 2)

(56)

where the values of 𝐴 and 𝐵 in (56) are as stated follows:

𝐴 =
−𝒏̃𝑘(𝑧(𝑚 + 1))𝒏̃𝑘(𝑚)

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔(𝑛)𝑔(𝑚)

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

3
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔(𝑛)((𝒙(𝑚) − 𝒍̃𝑘(𝑚))) + 𝑔(𝑚)((𝒙(𝑛) − 𝒍̃𝑘(𝑛)))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

+
3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))(𝒙(𝑛) − 𝒍̃𝑘(𝑛))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5
, (57)

𝐵 =
−𝒏̃𝑘(𝑧(𝑚 + 2))𝒏̃𝑘(𝑚)

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔(𝑛)𝑔(𝑚)

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

3
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔(𝑛)((𝒙(𝑚) − 𝒍̃𝑘(𝑚))) + 𝑔(𝑚)((𝒙(𝑛) − 𝒍̃𝑘(𝑛)))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

+
3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))(𝒙(𝑛) − 𝒍̃𝑘(𝑛))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5
. (58)

When 𝑚 = 𝑛, (52), (54), and (55) respectively become
𝜕2𝑓1(𝒙)
𝜕𝒙2(𝑚)

=
3𝒏R(𝑚)(𝒙(𝑚) − 𝒍̃𝑘(𝑚))

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5
−

3(((𝒍̃𝑘 − 𝒙)𝑇 𝒏R) − 𝒏R(𝑚)(𝒙(𝑚) − 𝒍̃𝑘(𝑚)))
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5

+
15(𝒙(𝑚) − 𝒍̃𝑘(𝑚))2((𝒍̃𝑘 − 𝒙)𝑇 𝒏R)

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

7 , (59)

𝜕2𝑓2(𝒙)
𝜕𝒙2(𝑚)

= 2𝑟𝑘
(

−𝒏̃𝑘(𝑚)(𝒙(𝑚) − 𝒍̃𝑘(𝑚)) − (𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘 − (𝒙(𝑚) − 𝒍̃𝑘(𝑚))𝒏̃𝑘(𝑚)
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

+
3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))2((𝒙 − 𝒍̃𝑘)𝑇 𝒏̃𝑘)

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5

)

, (60)

𝜕2𝑓3(𝒙)
𝜕𝒙2(𝑚)

= 𝜇𝑘(1 − 𝑟𝑘)(𝜇𝑘 + 1)
[

(𝜇𝑘 − 1) cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−2(
𝜕 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)

𝜕𝒙(𝑚)
)2

+ cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)𝜇𝑘−1
𝜕2 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)

𝜕𝒙2(𝑚)

]

, (61)

with
𝜕2 cos(𝛽𝑖𝑘 − 𝛼𝑖𝑘)

𝜕𝒙2(𝑚)
=

cos(𝛼𝑖𝑘)
2𝑟𝑘

𝜕2𝑓2(𝒙)
𝜕𝒙2(𝑚)

+ sin(𝛼𝑖𝑘)
( 𝒏̃2𝑘(𝑧(𝑚 + 1)) + 𝒏̃2𝑘(𝑧(𝑚 + 2))

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔2(𝑚)

‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

3
‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

−
𝑔(𝑚)(1 + (𝒙(𝑚) − 𝒍̃𝑘(𝑚)))
‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3

−
‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

3
+

3(𝒙(𝑚) − 𝒍̃𝑘(𝑚))2
‖

‖

‖

(𝒙 − 𝒍̃𝑘) × 𝒏̃𝑘
‖

‖

‖

‖

‖

‖

𝒙 − 𝒍̃𝑘
‖

‖

‖

5

)

. (62)

While the first-order derivative of the channel coefficient ℎ𝑖(𝒙, 𝒏̃𝑘) was
rovided in [30, Eq. (12)], the second-order derivatives as specified in

(37)–(58) have not been available in the existing literature.

Data availability

No data was used for the research described in the article.
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