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Abstract— We investigate a position estimation problem based
on received power measurements in visible light systems considering
luminous flux degradation of light emitting diodes (LEDs) under
three distinct scenarios. In Scenario 1, the receiver is unaware
of this degradation and performs position estimation accordingly;
hence, there exists a mismatch between the true model and the
assumed model. The misspecified Cramér-Rao bound (MCRB) and
the mismatched maximum likelihood (MML) estimator are derived
to quantify the performance loss due to this model mismatch. In
Scenario 2, where the receiver knows the degradation formula for
the LEDs but does not know the decay rate parameter in that
formula, the Cramér-Rao lower bound (CRB) and the maximum
likelihood (ML) estimator are derived to analyze its position
estimation performance. In Scenario 3, with full knowledge of both
the degradation formula and decay rate parameters, we obtain
the CRB and the ML estimator to specify the best achievable
performance. By comparing the theoretical limits and the estimators
in these three scenarios, we reveal the effects of the knowledge of the
LED degradation model and the decay rate parameters on position
estimation performance. In the simulation results, it is shown that
precise knowledge of the degradation model and the decay rate
parameter leads to the best possible localization accuracy. Also, the
model mismatch can result in significant degradation in localization
performance at high signal-to-noise ratios, which can be mitigated
by conducting joint position and decay rate parameter estimation.

Index Terms– Visible light, estimation, localization, luminous
flux, LED degradation.

I. Introduction

Accurate positioning is crucial in a wide range of
indoor applications such as robot navigation, location-
aware services, object tracking, and autonomous vehicles
[1]–[6]. Despite extensive research spanning decades on
radio frequency (RF) based indoor positioning systems,
there remains a lack of a system that is affordable, accu-
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rate, and universally accessible. This inherent challenge
in RF-based systems stems from multipath propagation
complicating the determination of distance or direction
related parameters reliably [6]–[8]. Visible light position-
ing (VLP), leveraging the widespread use of light-emitting
diodes (LEDs) as indoor lighting sources, has showcased
its potential for accurate indoor localization ( [9]–[11] and
references therein). Via VLP systems, accurate localiza-
tion can be achieved through the effective utilization of
existing LED lighting infrastructures, resulting in minimal
deployment requirements and energy costs.

LED-based indoor VLP systems offer a wide array of
diverse applications. One of such important applications
is asset tracking in health facilities. Positioning services in
a hospital can be utilized for monitoring the location of a
wheelchair or a portable medical apparatus [6]. VLP sys-
tems can also be implemented within a factory setting to
navigate robots and oversee inventory storage. In addition,
VLP systems can be deployed to provide navigational
services to people in airports, shopping centers and public
spaces such as stadia, museums, and theaters [12].

In the literature, various position estimation algo-
rithms have been devised, and thorough examinations
of theoretical accuracy limits have been conducted for
VLP systems. The developed algorithms are based on
either a single parameter type such as received signal
strength (RSS) [13]–[19], time of arrival (TOA) [20],
angle of arrival (AOA) [21], and time-difference-of-arrival
(TDOA) [22], or a combination of multiple parameters
[23]–[25]. In practical VLP systems, the use of RSS-
based positioning is widespread thanks to its cost-effective
hardware implementation with high positioning accuracy
[9]. Hence, it is commonly preferred over TOA-based
techniques, which require synchronization and accurate
time delay estimation [16], [17]. In [23], both RSS and
AOA information is utilized in a visible light communi-
cation (VLC) system with multiple LED transmitters and
a single receiver for three-dimensional (3D) localization
and the derived Cramér-Rao lower bound (CRB) based
on the RSS information encompasses 3D positioning
across various deployment scenarios. RSS and AOA are
also utilized in a 3D indoor positioning approach using
a single LED array and multiple VLC receivers [24].
In [13] and [14], two-dimensional VLP utilizing RSS
measurements is studied assuming a fixed receiver height.
This is achieved through an aperture-based receiver, and
the CRB is derived to evaluate the performance of po-
sitioning algorithms based on the considered settings.
Also, in [15], the authors investigate the impact of non-
line-of-sight (NLOS) signal components, signal-to-noise
ratio (SNR), transmission distance, and the number of
LED sources on performance of RSS-based VLP systems,
and obtain the closed-form CRB expressions for both
location and orientation estimation. In [20], a TOA-based
CRB is derived to assess the performance of the de-
signed maximum likelihood (ML) estimators employing
direct and two-step positioning techniques in synchronous
and asynchronous VLP networks. In [18], simultaneous
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position and orientation estimation using multiple LED
transmitters and multiple VLC receivers is investigated
for RSS-based VLP systems. In [22], an indoor position-
ing system based on TDOA using visible light signals
from LEDs is studied, where transmitting ID information
alongside the pilot signals from the LEDs is not required.
Additionally, [21] examines the CRB on the AOA based
indoor 3D visible light positioning, which utilizes an
aperture-based receiver alongside non-directional LEDs.

In addition to VLP algorithms that are based on visible
light propagation models (e.g., [13]–[25]), there also exist
data driven (learning) approaches to VLP such as [26]–
[42]. In [26], the authors propose an indoor real-time 3D
VLP system, employing fingerprinting and the extreme
learning machine approach to attain precise positioning,
enhanced resistance to interference, and reliable real-time
performance. The VLP system initially splits the large
indoor positioning environment into regular VLP kernels,
thereby decreasing the size of the fingerprint database
and leading to a significant exponential reduction in
training time. In [28], the authors introduce deep artificial
neural network (ANN) models to jointly estimate the
3D position and orientation of a randomly located VLC-
receiver, considering random orientation and unknown
emitting power. Leveraging RSS-based fingerprinting, the
approach involves creating a dataset with instantaneous
received SNR, coupled with corresponding 3D position
and orientation angles. Also, the study in [27] introduces a
technique called maximum received signal strength recog-
nition (MRR) and a hybrid algorithm named weighted
optimum k-nearest neighbors (WOKNN), which a com-
bination of optimum k-NN (OKNN) and weighted k-NN
(WKNN). It is employed to estimate the 2D location of
a VLC-receiver using RSS measurements. Although data
driven VLP algorithms can provide position estimation in
the absence of statistical models, they require collection
of training data from the environment, which may be
costly and inappropriate for certain applications. In this
manuscript, we focus on a model based VLP approach.

Most of the studies in the VLP literature assume
constant power outputs for LED transmitters. However,
in practice, luminous flux of LEDs (hence, LED transmit
powers) degrade gradually over time [43]. Although there
exist a few studies such as [44]–[46] that take into account
the impact of LED transmitter power uncertainty on the
accuracy of a VLP system, there is no work in the
literature that investigates the effects of luminous flux
degradation of LEDs on the accuracy of VLP systems.
In this manuscript, we investigate VLP by considering
the luminous flux degradation of LEDs. In particular,
we quantify the deterioration in localization performance
resulting from the mismatch between an ideal model with
no decay in power outputs over time and a practical model
with certain decay rates by conducting a misspecified
Cramér-Rao bound (MCRB) analysis [47]. We also derive
CRBs and position estimators for scenarios where the
receiver either knows the LED degradation formula but
not the decay rate parameter or has full knowledge of

both the degradation formula and decay rate parameters.
Although an MCRB analysis is conducted for localization
in [48], where the authors investigate reconfigurable in-
telligent surface (RIS) assisted near-field localization for
a single-antenna user equipment and single-antenna base
station in the presence of line-of-sight blockage with a
practical RIS amplitude model, there exist no studies in
the literature that derive the MCRB for VLP systems by
considering the power decays of LED transmitters. The
primary contributions and novel aspects of this study can
be outlined as follows:

• Position estimation problems in visible light systems
under luminous flux degradation of LEDs are formu-
lated for the first time in the literature.

• A mismatched maximum likelihood (MML) esti-
mator is derived for the scenario where the VLC
receiver is unaware of the power degradation of the
LED transmitters and the corresponding MCRB and
lower bound (LB) expressions are derived and used
as benchmarks to assess localization performance in
the presence of model mismatch.

• ML estimators and corresponding CRBs are derived
when the VLC receiver knows the power decay
formulas for the LEDs by considering two differ-
ent scenarios with known and unknown decay rate
parameters.

Also, simulations are conducted to investigate the effects
of luminous flux degradation of LEDs by evaluating
the proposed estimators and lower bounds in various
situations.

The structure of the manuscript and the main results
in the following sections can be stated as follows: In
Section II, the system model is introduced and the prob-
lem formulation is described by specifying three scenarios
with various levels of knowledge related to luminous flux
degradation of LEDs. In Section III, we consider the
scenario in which the VLC receiver is unaware of the
degradation in LEDs (Scenario 1), and derive the MCRB,
the LB, and the MML estimator. Then, we consider the
case where the VLC receiver knows the LED degradation
formula but not the decay rate parameter (Scenario 2) in
Section IV, and we derive the CRB and the ML estimator
for the problem of joint position and decay rate parameter
estimation. In Section V, we investigate the scenario with
full knowledge of both the degradation model and the
decay rate parameter (Scenario 3) and derive the CRB and
the ML estimator to provide a performance benchmark.
We also provide various simulation results in Section VI
to investigate the effects of the knowledge regarding lumi-
nous flux degradation of LEDs. As stated in Section VII,
luminous flux degradation can have significant effects on
localization accuracy in certain scenarios.

II. System Model and Problem Description

We investigate a VLP system with NL LED trans-
mitters at known locations represented by liT for i ∈
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{1, . . . , NL} and a VLC receiver at an unknown location
lR. The VLC receiver is to estimate its location based
on signals coming from the LED transmitters. For this
purpose, it collects power measurements from the LED
transmitters, which are given by [49]

PR,i = Rp PT,i hi(lR) + ηi (1)

for i = 1, . . . , NL. In (1), PR,i is the received power at
the VLC receiver due to the signal from the ith LED
transmitter, Rp represents the responsivity of the photo-
detector (PD) at the VLC receiver, PT,i is the transmit
power of the ith LED transmitter, hi(lR) denotes the
channel coefficient between the ith LED transmitter and
the VLC receiver, and ηi is zero-mean Gaussian noise
with variance σ2

i , which is independent of ηj for all
j ̸= i [49]. As noted from (1), it is assumed that
the signals coming from distinct LED transmitters are
processed separately and their power levels are measured
individually at the VLC receiver. This is based on the
use of a certain type of multiple access protocol, such as
time-division or frequency-division multiple access [50]–
[52]. In addition, the set of possible locations for the VLC
receiver is denoted by L (e.g., all possible locations in a
given room), that is, lR ∈ L, and it is assumed that no
prior statistical information is available about lR [53].

As in [9], [23], [54], a line-of-sight scenario is consid-
ered between each LED transmitter and the VLC receiver,
and the channel coefficients in (1) are expressed as

hi(lR) =
(mi + 1)AR

[
(lR − liT)

Tni
T

]mi
(liT − lR)

TnR

2π
∥∥lR − liT

∥∥mi+3

(2)

where mi is the Lambertian order for the ith LED
transmitter, AR is the area of the PD at the VLC receiver,
and nR and ni

T represent the orientation vectors of the
VLC receiver and the ith LED transmitter, respectively
[55]. The VLC receiver is assumed to have the knowledge
of the parameters AR, Rp, nR, mi, liT, and ni

T, and
σ2
i [20], [23]. For instance, the orientation of the VLC

receiver (nR) can be determined by a gyroscope, as
demonstrated in various experimental studies [17], [56]–
[58]. Additionally, the LED parameters (mi, liT, and ni

T)
can be reported to the VLC receiver via visible light
communications [20].

In practice, luminous flux of an LED gradually de-
preciates over time, which is commonly modeled by an
exponential decay formula as in [43, Sec. 5.2.4]. As the
luminous flux is directly proportional to the transmitted
optical power from an LED through luminous efficacy
[59], the transmitted power of the ith LED in (1) can be
modeled as

PT,i = P 0
T,i e

−αit (3)

for i ∈ {1, . . . , NL}, where P 0
T,i represents the initial

power level of the ith LED, t is the operating time in
hours, and αi > 0 is the decay rate for the ith LED [43,
Sec. 5.2.4]. It is assumed that the initial power levels
of the LEDs and the operating times are known. (The

operating times are taken to be the same without loss of
generality.)

Our aim is to analyze the effects of luminous flux
degradation of LEDs on visible light positioning based
on power measurements. To this aim, we consider three
different scenarios:

Scenario 1: The VLC receiver is unaware of the
degradation in LEDs, and assumes that the transmit
powers are given by P 0

T,i for i = 1, . . . , NL. (This is
equivalent to assuming that there is no power decay in
the LEDs; i.e., αi = 0 in (3) for all i ∈ {1, . . . , NL}.)

Scenario 2: The VLC receiver knows the depreciation
formula in (3); however, it does not know the decay rates,
αi’s.

Scenario 3: The VLC receiver knows the depreciation
formula in (3) and the decay rates, αi’s.

In the following sections, we derive theoretical limits
on position estimation accuracy and obtain estimators
that asymptotically achieve those theoretical limits in
these three scenarios. By comparing the performance
of the estimators and the theoretical limits, the effects
of degradation in LEDs can be quantified for various
scenarios.

III. Scenario 1: Model Mismatch

In Scenario 1, the VLC receiver assumes that PT,i =
P 0
T,i for i = 1, . . . , NL, that is, it is unaware of the

degradation in the LEDs. Based on this assumption and
the NL measurements modeled by (1), the likelihood
function for the position of the VLC receiver can be stated
as

p̃(PR | lR) =

(
NL∏
i=1

1√
2πσ2

i

)
e
−

NL∑
i=1

(PR,i−P0
T,iRphi(lR))

2

2σ2
i

(4)
where PR represents a vector consisting of the power
measurements; i.e., PR = [PR,1 · · ·PR,NL

]T . The ex-
pression in (4) can be referred to as the misspecified
parametric PDF for lR since the transmit powers are not
specified accurately.

For comparison purposes, we can specify the true
model, which takes into account the luminous flux degra-
dation of the LEDs with time. In this case, the VLC
receiver would perfectly know the depreciation formula
and the decay rates of the LEDs. Hence, the true PDF
can be expressed as

p(PR) =

(
NL∏
i=1

1√
2πσ2

i

)
e
−

NL∑
i=1

(PR,i−P0
T,i e−αitRphi (̄lR))

2

2σ2
i

(5)

where l̄R denotes the true position vector of the VLC
receiver.

In order to reveal the degradation caused by the use of
the misspecified model in (4) instead of the true model in
(5), we first derive a position estimator and a theoretical
limit on estimation accuracy in the presence of model
mismatch.
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A. MML Estimator

The MML estimator corresponds to the parameter
that maximizes the misspecified parametric PDF [47].
Therefore, in Scenario 1, the MML estimator can be
expressed as

l̂R,MML(PR) = argmax
lR∈L

p̃(PR | lR). (6)

where L denotes the set of possible positions for the VLC
receiver. From (4) and (6), the MML estimator based on
the received signal power measurements PR in (1) can
be expressed as

l̂R,MML(PR) = argmin
lR∈L

NL∑
i=1

(PR,i − P 0
T,i Rphi(lR))

2

2σ2
i

·

(7)

It can be shown that under suitable regularity conditions,
the MML estimator is asymptotically unbiased and its
error covariance matrix is equal to the MCRB, which
is derived in the next section [47]. It is noted that
(7) constitutes a nonlinear least squares problem. It is
straightforward to derive the gradient of the objective
function in (7), leveraging the closed-form expression
for the first-order derivative of the channel coefficient
hi(lR), as presented in Appendix A. Algorithms such as
the gradient descent method, Gauss-Newton method, and
Levenberg-Marquardt algorithm can be used to solve it
numerically [60]. In addition, multiple gradient descents
with a few initial points can be performed not to get stuck
with local minima.

B. MCRB

To derive the theoretical limit on position estimation
accuracy in Scenario 1, we first introduce the pseudo-true
parameter [47], which is the parameter that minimizes the
Kullback-Leibler (KL) divergence between the true PDF
p(PR) and the misspecified parametric PDF p̃(PR | lR).
The pseudo-true parameter can be obtained as follows:

l0R = argmin
lR∈R3

D (p(PR)∥p̃(PR | lR)) (8)

where D (p(PR)∥p̃(PR | lR)) denotes the KL divergence
between the PDFs p(PR) and p̃(PR | lR). From the
definition of the KL divergence, the objective function
in (8) can be stated as

D(p(PR)∥p̃(PR | lR))

=

∫
log

(
p(PR)

p̃(PR | lR)

)
p(PR)dPR

= Ep

{
log

(
p(PR)

p̃(PR | lR)

)}
· (9)

Let l̂R(PR) denote a misspecified-unbiased (MS-
unbiased) estimator of the true position, l̄R. That is, the
expected value of the estimator l̂R(PR) under the true
model is equal to l0R [48]. The MCRB is a lower bound
on the covariance matrix of any MS-unbiased estimator

l̂R(PR) of l̄R and is given by [47], [61]

Ep

{
(l̂R(PR)− l0R)(l̂R(PR)− l0R)

T
}
⪰ MCRB(l0R)

(10)

where Ep{·} denotes the expectation under the true model
p(PR), and

MCRB(l0R) ≜ A−1
l0R

Bl0R
A−1

l0R
. (11)

The (m,n)th elements of the matrices Al0R
and Bl0R

in
(11) are calculated as[

Al0R

]
mn

= Ep

{
∂2 log p̃(PR | lR)
∂lR(m)∂lR(n)

∣∣∣∣
lR=l0R

}
, (12)

[
Bl0R

]
mn

= Ep

{
∂ log p̃(PR | lR)

∂lR(m)

× ∂ log p̃(PR | lR)
∂lR(n)

∣∣∣∣
lR=l0R

}
(13)

for 1 ≤ m,n ≤ 3 with lR(n) denoting the nth element
of lR. As we are typically not interested in the value
of the pseudo-true parameter, the MCRB is employed
to establish a lower bound (LB) for any MS-unbiased
estimator with respect to the true parameter value [47],
[48]. Namely, the error covariance matrix for any MS-
unbiased estimator l̂R(PR) is lower bounded as follows:

Ep

{
(l̂R(PR)− l̄R)(l̂R(PR)− l̄R)

T
}

⪰ LB(l0R) (14)

where

LB(l0R) ≜ MCRB(l0R) + (̄lR − l0R)(̄lR − l0R)
T . (15)

In (15), the last term is a bias term and it is independent
of the signal-to-noise ratio (SNR). As a result, as the SNR
goes to infinity, the MCRB goes to zero and the bias term
becomes tight with the error covariance matrix of the MS-
unbiased estimator [48].

To derive the MCRB, hence, the LB in (15), the
following derivations are performed:

1. Determination of Pseudo-True Parameter
To derive the MCRB related to the estimation of the

VLC receiver position under the model mismatch, we first
need to calculate the pseudo-true parameter l0R in (8).
Specifically, we should find the value of lR that minimizes
the KL divergence between the PDFs p(PR) in (4) and
p̃(PR | lR) in (5). Based on (4) and (5), the expression in
(9) can be calculated as follows:

D(p(PR)∥p̃(PR | lR))

= Ep

{
NL∑
i=1

(PR,i − P 0
T,i Rphi(lR))

2

2σ2
i

−
NL∑
j=1

(PR,j − P 0
T,j e

−αjtRphj(lR))
2

2σ2
j

}

=

NL∑
i=1

(
P 0
T,i e

−αitRphi(̄lR)− P 0
T,i Rphi(lR)

)2
2σ2

i

· (16)
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From (8) and (16), the value of lR that minimizes the
KL divergence can be obtained as follows:

l0R = argmin
lR∈R3

NL∑
i=1

(P 0
T,i e

−αitRphi(l̄R)− P 0
T,i Rphi(lR))

2

2σ2
i

(17)

2. Derivation of MCRB
Once the pseudo-true parameter is obtained, we com-

pute the matrices Al0R
in (12) and Bl0R

in (13) for calcu-
lating the MCRB from (11). Based on the expressions in
(4) and (5), the second-order derivatives in (12) can be
obtained as follows:

∂2 log p̃(PR | lR)
∂lR(m)∂lR(n)

=

NL∑
i=1

(PR,iP
0
T,iRp)

σ2
i

∂2hi(lR)

∂lR(m)∂lR(n)

−
NL∑
i=1

(P 0
T,iRp)

2

σ2
i

∂hi(lR)

∂lR(m)

∂hi(lR)

∂lR(n)

−
NL∑
i=1

(P 0
T,iRp)

2

σ2
i

hi(lR)
∂2hi(lR)

∂lR(m)∂lR(n)
· (18)

Then, by evaluating the expression in (18) at lR = l0R,
the elements of matrix Al0R

in (12) can be derived as

[
Al0R

]
mn

=

NL∑
i=1

Ep{PR,i}P 0
T,i Rp

σ2
i

∂2hi(l
0
R)

∂lR(m)∂lR(n)

−
NL∑
i=1

(P 0
T,i Rp)

2

σ2
i

∂hi(l
0
R)

∂lR(m)

∂hi(l
0
R)

∂lR(n)

−
NL∑
i=1

(P 0
T,i Rp)

2

σ2
i

hi(l
0
R)

∂2hi(l
0
R)

∂lR(m)∂lR(n)
(19)

where Ep{PR,i} = P 0
T,i e

−αitRphi(̄lR).
Similarly, via (4) and (5), the first-order derivatives in

(13) are calculated as

∂ log p̃(PR | lR)
∂lR(m)

=

NL∑
i=1

P 0
T,i Rp

(PR,i − P 0
T,i Rphi(lR))

σ2
i

× ∂hi(lR)

∂lR(m)
· (20)

Then, based on (20), the elements of matrix Bl0R
in (13)

can be obtained as follows:

[
Bl0R

]
mn

= Ep

{
NL∑
i=1

(
P 0
T,i Rp

(PR,i − P 0
T,i Rphi(l

0
R))

σ2
i

× ∂hi(l
0
R)

∂lR(m)

) NL∑
j=1

(
P 0
T,j Rp

×
(PR,j − P 0

T,j Rphj(l
0
R))

σ2
j

∂hj(l
0
R)

∂lR(n)

)}
(21)

=

NL∑
i=1

((
P 0
T,i Rp

σ2
i

)2

Ep{(PR,i − P 0
T,i Rphi(l

0
R))

2}

× ∂hi(l
0
R)

∂lR(m)

∂hi(l
0
R)

∂lR(n)

)

+

NL∑
i=1

NL∑
j=1,j ̸=i

(
P 0
T,i PT,jR

2
p

σ2
i σ

2
j

× (P 0
T,i e

−αitRphi(̄lR)− P 0
T,i Rphi(l

0
R))

× (P 0
T,j e

−αjtRphj (̄lR)− P 0
T,j Rphj(l

0
R))

× ∂hi(l
0
R)

∂lR(m)

∂hj(l
0
R)

∂lR(n)

)
(22)

where Ep{(PR,i − P 0
T,i Rphi(l

0
R))

2} = σ2
i +

(P 0
T,i e

−αitRphi(̄lR)− P 0
T,i Rphi(l

0
R))

2.
The first and second order derivatives of the channel

coefficient hi(·) appearing in (19) and (22) can be derived
explicitly in terms of the system parameters, as presented
in Appendix A. Overall, based on (17), (19), and (22),
the MCRB in (11) can be calculated, which also leads to
the derivation of the LB in (15). Via this theoretical limit,
we can evaluate the effects of omitting the power decays
of LEDs.

IV. Scenario 2: Model Knowledge

In Scenario 2, the VLC receiver knows the formula
in (3) but it does not know the decay rates, i.e., the
αi parameters. Typically, the same types of LEDs are
employed in a given network. Hence, the decay rates can
be taken to be the same in practical cases; i.e., αi = α
for i = 1, . . . , NL. (If all the decay rates were different
and unknown, accurate localization might not be possible
as there would exist NL+3 unknown parameters with no
specific relations and NL measurements. Specifically, all
the power measurements would be scaled by unknown
and different factors (the e−αit terms in (3)), making
localization an ill-posed estimation problem.1) In this
scenario, the likelihood function for the unknown position
vector lR and the common decay parameter α can be

1In such a case, one could simply ignore the power decays in the LEDs
and assume that PT,i = P 0

T,i for i = 1, . . . , NL, as in Scenario 1.

IDDRISU & GEZICI: VISIBLE LIGHT POSITIONING UNDER LUMINOUS FLUX DEGRADATION OF LEDs 5

This article has been accepted for publication in IEEE Transactions on Aerospace and Electronic Systems. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TAES.2024.3457737

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.
Authorized licensed use limited to: ULAKBIM UASL - Bilkent University. Downloaded on December 11,2024 at 16:28:57 UTC from IEEE Xplore.  Restrictions apply. 



obtained from (1) and (3) as

p(PR | lR, α) =

(
NL∏
i=1

1√
2πσ2

i

)

× e
−

∑NL
i=1

(PR,i−P0
T,i e−αtRphi(lR))

2

2σ2
i (23)

In order to evaluate the effects of the unknown decay
rate of transmit powers on localization accuracy, we aim
to derive the ML estimator and the theoretical limit on po-
sition estimation errors, namely, the CRB, in Scenario 2.

The ML estimator for the position of the VLC receiver
in Scenario 2 can be stated as [62](

l̂R, α̂
)
= argmax

lR∈L, α>0
p(PR | lR, α) (24)

where L denotes the set of possible positions for the VLC
receiver. Based on (23), the ML estimator in (24) can be
derived, after some manipulation, as

l̂R = argmin
lR∈L

NL∑
i=1

(PR,i − P 0
T,i e

−α̂(lR)tRphi(lR))
2

2σ2
i

(25)

where α̂(lR) is given by

α̂(lR) =

{
− 1

t log g(lR), if 0 < g(lR) < 1

0 , otherwise
(26)

with g(lR) being defined as

g(lR) ≜

∑NL

i=1

PR,iP
0
T,ihi(lR)

σ2
i

Rp

∑NL

i=1

(P 0
T,ihi(lR))2

σ2
i

· (27)

It is noted that the four dimensional search in (24) can
be reduced to three dimensions in (25) based on the
expression in (26). Hence, the ML estimator in Scenario 2
and the MML estimator in Scenario 1 (see (7)) have
similar levels of complexity.

To derive the CRB, we first define the vector of un-
known parameters Θ, which consists of the position of the
VLC receiver position, lR, and the decay rate parameter,
α, namely, Θ ≜ [lTR α]T = [lR(1) lR(2) lR(3) α]

T . Then,
by denoting the likelihood function in (23) as p(PR |Θ),
the Fisher information matrix (FIM) can be expressed
as [62]

I(Θ) = E
{
(∇Θ log p(PR |Θ)) (∇Θ log p(PR |Θ))

T
}

(28)

where ∇Θ denotes the gradient operator, which yields a
four-dimensional column vector in this scenario. Based
on the FIM, the CRB on the position estimation error can
be stated as follows [62]:

E
{
∥l̂R − lR∥

2
}
≥ trace

{
I(Θ)−1

1:3,1:3

}
≜ CRBlR (29)

where l̂R denotes any unbiased estimator of lR in Sce-
nario 2, and I(Θ)−1

1:3,1:3 corresponds to the upper 3 × 3
block of the inverse FIM. After some manipulation, the

elements of the FIM in (28) can be computed from (23)
as

[I(Θ)]m,n = R2
P

NL∑
i=1

(
(P 0

T,i)
2

σ2
i

∂(e−αthi(lR))

∂Θ(m)

× ∂(e−αthi(lR))

∂Θ(n)

)
(30)

for m,n ∈ {1, 2, 3, 4}, where Θ(n) denotes the nth ele-
ment of Θ. In particular, [I(Θ)]m,n can derived explicitly
as follows:

[I(Θ)]m,n = R2
P

NL∑
i=1

(P 0
T,i e

−αt)2

σ2
i

∂hi(lR)

∂lR(m)

∂hi(lR)

∂lR(n)

for m,n ∈ {1, 2, 3}, (31)

[I(Θ)]4,n = −tR2
P

NL∑
i=1

(P 0
T,i e

−αt)2hi(lR)

σ2
i

∂hi(lR)

∂lR(n)

for n ∈ {1, 2, 3}, (32)

[I(Θ)]m,4 = −tR2
P

NL∑
i=1

(P 0
T,i e

−αt)2hi(lR)

σ2
i

∂hi(lR)

∂lR(m)

for m ∈ {1, 2, 3}, (33)

[I(Θ)]4,4 = (tRP e
−αt)2

NL∑
i=1

(P 0
T,i hi(lR))

2

σ2
i

· (34)

In (31)–(34), the partial derivatives of the channel coef-
ficient hi(lR) can be evaluated based on the expressions
in Appendix A. Consequently, the elements of the FIM,
hence, the CRB in (29), can be calculated, which specifies
the estimation accuracy limit when the VLC receiver is
aware of the power decay model but does not know the
decay rate.2

V. Scenario 3: Full Knowledge

In Scenario 3, the VLC receiver knows the formula
in (3) and the decay rate parameters, αi’s. In other
words, Scenario 3 corresponds to the scenario with perfect
knowledge and provides a performance bound for the
other scenarios. Based on (1) and (3), the likelihood
function in Scenario 3 is given by

p(PR | lR) =

(
NL∏
i=1

1√
2πσ2

i

)

× e
−

∑NL
i=1

(PR,i−P0
T,i e−αitRphi(lR))

2

2σ2
i · (35)

Accordingly, the ML estimator is expressed as

l̂R = argmax
lR∈L

p(PR | lR) (36)

2Although the sign of the decay rate parameter (α > 0) is taken into
account in the ML estimator in Scenario 2, the corresponding CRB
is calculated for a generic α. However, at high SNRs, the CRB still
provides a valid bound on the performance of the ML estimator in
Scenario 2, as investigated in Section VI.
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which can be specified, based on (35), as follows:

l̂R = argmin
lR∈L

NL∑
i=1

(PR,i − P 0
T,i e

−αitRphi(lR))
2

2σ2
i

· (37)

Similar to the ML estimator in Scenario 2 (see (25) and
(26)), the ML estimator in (37) also requires a three-
dimensional search. However, it does not need to estimate
the decay rate during the search (cf. (26)) as it is assumed
to be known in Scenario 3.

To evaluate the CRB in Scenario 3, we first calculate
the FIM, which is defined as [62]

I(lR) = E
{
(∇lR log p(PR | lR)) (∇lR log p(PR | lR))T

}
(38)

with ∇lR denoting the gradient operator with respect to
lR. Based on the FIM, the CRB on the position estimation
error is specified as [62]

E
{
∥l̂R − lR∥

2
}
≥ trace

{
I(lR)

−1
}
≜ CRB (39)

where l̂R denotes an unbiased estimate of lR in Sce-
nario 3. After some manipulation, the elements of the
FIM in (38) can be derived from (35) as

[I(lR)]m,n = R2
P

NL∑
i=1

(
P 0
T,i e

−αit
)2

σ2
i

∂hi(lR)

∂lR(m)

∂hi(lR)

∂lR(n)

(40)

for m,n ∈ {1, 2, 3}. The FIM can be evaluated via (40)
and the partial derivative expressions in Appendix A,
leading to the evaluation of the CRB in (39).

Remark: Based on the MCRB and the LB expressions
in Scenario 1 and the CRB expressions in Scenario 2
and Scenario 3, the effects of omitting the power decay
of LEDs, considering the decay model, and knowing
the decay rate parameters can be evaluated in various
situations. Since these theoretical limits are achieved by
the MML and the ML estimators at high SNRs, they
can be used to assess the localization performance and
to design system parameters in high SNR conditions.

In Fig. 1, a flowchart of the proposed algorithms is
presented considering the three scenarios.

VI. Simulation Results

In this section, we conduct simulations to investigate
the performance of the proposed approaches and to eval-
uate the theoretical limits. Similar to [53], we consider a
room with dimensions of 4× 4× 3 meters (width, depth,
and height, respectively) and 9 LEDs (i.e., NL = 9) placed
at the following coordinates in meters: {(-1, 1, 3), (0, 1,
3), (1, 1, 3), (-1, 0, 3), (0, 0, 3), (1, 0, 3), (-1, -1, 3), (0, -1,
3), (1, -1, 3)}. These LED positions are selected to ensure
a symmetrical coverage of the room, with the center
of the room floor being represented by the coordinates
(0, 0, 0). The orientations of the LEDs are defined as
ni

T = [0, 0,−1]T for i = 1, . . . , NL, indicating that
they all point downwards. Also, the Lambertian orders
of the LEDs, mi’s, are set to 1. The responsivity of

Start

Input: Power measurements, PR

Is receiver aware
of LEDs’ power
degradation?

Does the receiver
know the degradation
formula in (3)?

Obtain receiver position
via MML estimator in (7)

Obtain receiver position
via ML estimator in (26)

Obtain receiver’s position
via ML estimator in (37)

Output: Receiver position estimate

Stop

no

yes

yes

no

Fig. 1: A flow chart of the algorithms based on the three scenarios.

the PD is set to Rp = 1, and the area of the PD is
taken as AR = 1 cm2. The orientation of the receiver
is defined as nR = [0, 0, 1]T , indicating that it points
upwards. Furthermore, we assume that the noise variances
are equal, denoted as σ2

i = σ2 for i = 1, . . . , NL.3

To evaluate the performance of the MML estimator
under Scenario 1 and the ML estimators under Sce-
nario 2 and Scenario 3, the VLC receiver is placed at
lR = (0.5, 0.5, 0.85) meters, the initial power levels of
the LEDs are set to be identical as P 0

T,i = 10W, and

3The σ2 values considered in the simulations are compatible with the
practical values reported in [63].
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Fig. 2: Performance of the MML estimator and the corresponding
MCRB and LB versus 10 log10(1/σ

2) in Scenario 1 for LED decay
rates of α = 10−5 and time intervals of t ∈ {10000h, 50000h} when
the VLC receiver is positioned at (0.5, 0, 5, 0.85)m.

the decay rates of the LEDs are assumed to be the same
and taken as 10−5 based on the decay rate calculations
in [43, Sec. 7]. In Fig. 2, the RMSE performance of
the MML estimator in Scenario 1 and the corresponding
MCRB and LB are plotted versus 10 log10(1/σ

2) for two
different time intervals (10000 and 50000 hours). It can
be observed from the figure that for both time intervals,
the LB plateau at low noise variances and the MCRB
goes to zero, as expected. Additionally, it is worth noting
that the MCRB and LB values at t = 10000 h are lower
than those at t = 50000 h. This is due to the gradual
reduction in power output of the LED transmitters over
time. Furthermore, it can also be observed that, rather than
the RMSE of the MML estimator decreasing to zero at
low noise variances, it tends to converge to the plateaued
LB. This is due to the fact that, at low noise variances,
estimation errors are primarily due to the model mismatch
and remain consistent even as noise variances decrease.
However, it can be noticed that the RMSE of the MML
estimator is lower than the established bounds at high
noise levels. This can be attributed to the fact that the
location of the VLC receiver is restricted to a room with
dimensions 4m × 4m × 3m, and the MML estimator in
(7) performs its search within this specific volume; that
is, L = [−2, 2]× [−2, 2]× [0, 3] in (7). Calculations made
within this volume based on random estimates for the
position of the VLC receiver lead to an RMSE of around
2.1 meters, which closely matches the estimation error of
the estimators under conditions of high noise levels.

In Fig. 3, the RMSE performance of the ML estimator
in Scenario 2 and the corresponding CRB are depicted
versus 10 log10(1/σ

2) for t = 10000 h and t = 50000 h.
Similar to Fig. 2, it is observed that the RMSEs of the ML
estimators for both time intervals are lower than the corre-
sponding CRBs at high levels of noise variances, which
is primarily due to the spatial constraints within which

60 70 80 90 100 110 120 130

10log
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10-1
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R
M
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)

CRB (t = 50000h)

ML (t = 50000h)

CRB (t = 10000h)

ML (t = 10000h)

Fig. 3: Performance of the ML estimator and the corresponding CRB
versus 10 log10(1/σ

2) in Scenario 2 for LED decay rates of α = 10−5

and time intervals of t ∈ {10000h, 50000h} when the VLC receiver
is positioned at (0.5, 0, 5, 0.85)m.

the ML estimator in (25) and (26) performs its search. At
lower levels of noise variances, the RMSEs of the ML
estimators converge to the CRBs for both time intervals.
Additionally, it is important to highlight that while the
RMSE values of the ML estimator approach the lower
bound for both time intervals at very low noise levels, the
ML estimator actually exhibits better RMSE performance
at t = 10000 h compared to the established lower bound,
especially under conditions of moderate noise levels. This
can be attributed to the constraint imposed on the decay
rate estimates within the ML estimator. Namely, while
the decay rate parameter is considered as a real number
in the CRB calculations, it is searched among positive real
numbers in the ML estimator in (24) (equivalently, in (25)
and (26)). Furthermore, as in Scenario 1, the performance
of the ML estimator for t = 10000 h is better than that
for t = 50000 h, which is due to the power degradation
over time, as discussed previously.

In Fig. 4, we illustrate the RMSE performance of
the ML estimator and the established theoretical lower
bound in Scenario 3. The estimator performance is plotted
as a function of 10 log10(1/σ

2) for two different time
intervals. Similar to Figs. 2 and 3, the RMSEs of the
ML estimators for both time intervals are lower than the
corresponding CRBs at high levels of noise variances due
to the consideration of the room dimensions in the ML
estimator in (37). Also, at lower levels of noise variances,
the RMSEs of the ML estimators converge to the lower
bounds for both time intervals. Again, as in Scenario 1
and Scenario 2, the performance of the ML estimator at
t = 10000 h is better than that at t = 50000 h, which can
be attributed to the gradual deterioration in power over
time, as previously explained.

In order to compare the estimators in Scenarios 1,
2, and 3, we present in Fig. 5 the RMSE performances
of the estimators as a function of the decay rate α of
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Fig. 4: Performance of the ML estimator and the corresponding CRB
versus 10 log10(1/σ

2) in Scenario 3 for LED decay rates of α = 10−5

and time intervals of t ∈ {10000h, 50000h} when the VLC receiver
is positioned at (0.5, 0, 5, 0.85)m.
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Fig. 5: RMSE performance of all the estimators versus decay rate, α,
for t = 10000 h and the noise levels of σ2 = 10−11 and σ2 = 10−12

when the VLC receiver is positioned at (0.5, 0, 5, 0.85)m.

the LEDs considering noise variance of σ2 = 10−11 and
σ2 = 10−12. It is observed that the MML estimator under
Scenario 1 and the ML estimator under Scenario 3 attain
the same RMSE values for α = 0 at both noise levels.
This is due to the fact that when α = 0, there is no
mismatch between the assumed model and the true model;
hence, Scenario 1 and Scenario 3 coincide. However, the
ML estimator under Scenario 2 performs worse since it
is unaware of the α value and tries estimating it. Also, it
can be observed that as the decay rate α increases, that
is, as the mismatch between the true and the assumed
models increases, the RMSE performance of the MML
estimator deteriorates significantly in comparison to the
RMSE performances of the ML estimators in Scenario 2
and Scenario 3. Again, it can be observed that the ML
estimator under Scenario 3 always outperforms that in
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MML-Scenario 1 (t = 60000h)

ML-Scenario 2 (t = 60000h)

ML-Scenario 3 (t = 60000h)

Fig. 6: RMSE performance of all the estimators versus 10 log10(1/σ
2)

for LED decay rates of α = 10−5 and time intervals of
t ∈ {20000h, 60000h} when the VLC receiver is positioned at
(0.5, 0, 5, 0.85)m.

Scenario 2 since the α value is known under Scenario 3
and unknown under Scenario 2. Additionally, it is worth
noting that the RMSE values of the MML estimator does
not improve significantly with decreasing noise variance
as α increases (as the model mismatch becomes the main
source of error). Furthermore, it can be noted that the
difference in RMSE values between the ML estimator un-
der Scenario 3 and the MML estimator under Scenario 1
is greater at a noise variance of σ2 = 10−12 compared
to σ2 = 10−11. To be more precise, the sensitivity
to the model mismatch increases with decreasing noise
variance as it is more pronounced at σ2 = 10−12 than at
σ2 = 10−11. This demonstrates that being unaware of the
true power decay pattern of the LEDs can be a significant
inhibiting factor for accurate visible light positioning at
low noise levels.

To further compare the estimators in Scenarios 1, 2,
and 3, we illustrate in Fig. 6 the RMSE performances
of the estimators as a function of 10 log10(1/σ2). Similar
to the observations made in Fig. 2, Fig. 3, and Fig. 4,
at high noise levels, the estimators exhibit the same
RMSE performance for the two time intervals. This is
as a result of the spatial constraints of the room within
which estimators perform their search. Also, similar to
the observations made in the previous figures, the RMSE
performance of the estimators at t = 20000h is better than
their corresponding RMSE performance at t = 60000h,
which is due to the power degradation of the LEDs over
time, as discussed previously. It can be noted that the
best estimates are obtained by the ML estimator under
Scenario 3 for t = 20000h, particularly under moderate
to high SNRs. Conversely, the worst estimates are made
by the MML estimator under Scenario 1 for t = 60000h.
This is due to the fact the power degradation formula
and the decay rate of the LEDs are completely known by
the VLC receiver under Scenario 3 and for t = 20000h,
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Fig. 7: RMSE performance of the estimators versus distance of the
VLC receiver to the room center at a fixed height for LED decay rate
of α = 10−5, time interval of t = 10000 h, and noise variances of
σ2 ∈ {10−12, 10−11, 10−10} when the VLC receiver moves on the
straight line from (0, 0, 0.85)m towards (1.4, 1.4, 0.85)m.

there is less degradation in the power of the LEDs
compared to t = 60000h . However, under Scenario 1,
the estimates are calculated without the knowledge of
the power degradation formula and the decay rate of the
LEDs, coupled with greater LED power deterioration at
t = 60000h. Under very high SNRs, the ML estimator in
Scenario 3 outperforms both the ML and MML estimators
in Scenarios 2 and 1, respectively, for both time intervals,
with the ML estimator in Scenario 2 also outperforming
the MML estimator in Scenario 1. This is due to the
full knowledge of the power degradation formula and the
decay rate of the LEDs in Scenario 3, the knowledge of
only the the power degradation formula in Scenario 2 and
the lack of knowledge of the power degradation formula
and the decay rate of the LEDs in Scenario 1.

In Fig. 7, we plot the RMSE performances of the
estimators under the three scenarios versus the distance
of the VLC receiver to the room center at a fixed height
when the VLC receiver moves on the straight path from
(0, 0, 0.85)m towards (1.4, 1.4, 0.85)m by considering
noise variances of σ2 = 10−12, σ2 = 10−11 and σ2 =
10−10. It is noted from the figure that as the VLC receiver
moves away from the center, the RMSEs of the estimators
tend to increase for all noise levels due to decreasing
power levels at the VLC receiver. An exception to this
is observed for σ2 = 10−12 in Scenario 1 as the model
mismatch becomes the main source of error for low noise
variances, and the RMSE value stays almost the same. In
addition, the RMSE values of the ML estimator under
Scenario 3 consistently remain lower than those of the
estimators in Scenario 1 and Scenario 2 for each value of
the noise variance. Moreover, it is worth noting that the
ML estimator under Scenario 2 achieves lower RMSE
values than the MML estimator under Scenario 1 over
a wider range of distances as the variance decreases.
This is mainly due to the fact that the effects of the
model mismatch in Scenario 1 become more significant

at low noise variances (as observed in Fig. 2). It is also
noted that as the VLC receiver moves from (0, 0, 0.85)m
to (1.4, 1.4, 0.85)m, the power measurements generally
reduce and the ML estimator in Scenario 2 cannot esti-
mate the decay rate and the position accurately; hence,
is outperformed by the MML estimator in Scenario 1
after a distance of 0.94m for σ2 = 10−11 and 1.77m
for σ2 = 10−12. In particular, since both the position and
the decay rate are jointly estimated by the ML estimator
in Scenario 2, its performance has the highest sensitivity
to the changes in the received power levels (equivalently,
to the SNRs), as noted from Fig. 7.

VII. Concluding Remarks

We have investigated the received power based po-
sition estimation problem in visible light systems in the
presence of luminous flux degradation of LEDs. We have
considered three different scenarios with varying levels
of knowledge about the LED degradation. When the
VLC receiver is unaware of the degradation and performs
position estimation under that assumption, there exists a
mismatch between the true model and the assumed model.
In this scenario (Scenario 1), we have derived the MCRB
and the MML estimator to quantify the performance loss
due to this model mismatch. Then, we have assumed
that the VLC receiver knows the power decay formula
for the LEDs but does not know the decay rate. In this
scenario (Scenario 2), we derived the CRB and the ML
estimator. In the final scenario (Scenario 3), we have
considered the presence of full knowledge (both the model
and the decay rate parameters) at the VLC receiver, and
obtained the CRB and the ML estimator. (Among the
three scenarios, Scenario 2 has a practical significance
since the joint estimation of the VLC receiver position
and the unknown decay rate parameter is performed in
that scenario.) By comparing the theoretical limits and
the estimators in these three scenarios, we have revealed
the effects of the knowledge of the LED degradation
model and the decay rate parameter on position estimation
performance. In particular, the model mismatch results
in significant performance loss at high SNRs, hence, it
prevents achieving very low estimation errors. With the
knowledge of the degradation model, this performance
loss at high SNRs can significantly be reduced by per-
forming joint estimation of the position and the decay
rate parameter. Of course, when the decay rate parameter
is also known beforehand, the best position estimation
accuracy is achieved by performing position estimation
based on the exactly known model.

It is important to note that our study assumes perfect
orientation information at the VLC receiver, e.g., from
a gyroscope. However, there can be inaccuracies in the
orientation information in practice. In our future research,
we plan to take these inaccuracies into account. Addi-
tionally, our current study focused on one-shot position
estimation without considering dynamic scenarios. In
future work, tracking algorithms can be investigated for
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dynamic scenarios. As another future research item, one
can also account for variations in the decay rates of the
LEDs.

Appendix

A. First and Second Derivatives of Channel
Coefficient

The first-order partial derivatives of the channel coef-
ficient hi(lR) with respect to the position parameter lR
can be calculated via (2) as follows:

∂hi(lR)

∂lR(n)
=

(mi + 1)AR

2π

×
(

1

v(lR)

∂u(lR)

∂lR(n)
− u(lR)

v2(lR)

∂v(lR)

∂lR(n)

)
(41)

where

u(lR) =
[
(lR − liT)

Tni
T

]mi
(liT − lR)

TnR, (42)

v(lR) =
∥∥lR − liT

∥∥mi+3
, (43)

∂u(lR)

∂lR(n)
= mi((l

i
T − lR)

TnR)
[
(lR − liT)

Tni
T

]mi−1

× ni
T(n) −

[
(lR − liT)

Tni
T

]mi
nR(n), (44)

∂v(lR)

∂lR(n)
= (mi + 3)(lR(n)− liT(n))

∥∥lR − liT
∥∥mi+1

.

(45)

In addition, the second-order partial derivatives of the
channel coefficient with respect to the position parameter
can be calculated from (41) as follows:

∂2hi(lR)

∂lR(m)∂lR(n)
=

(mi + 1)AR

2π

(
1

v(lR)

∂2u(lR)

∂lR(m)∂lR(n)

− 1

v2(lR)

∂v(lR)

∂lR(m)

∂u(lR)

∂lR(n)

− 1

q(lR)

∂bn(lR)

∂lR(m)
+

bn(lR)

q2(lR)

∂q(lR)

∂lR(m)

)
(46)

where
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(51)

Although the first-order derivative of hi(lR) was presented
in [20, Eqn. (14)], the second-order derivatives given by
(46)–(51) were not available in the literature.
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